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This paper addresses the hedging of bond portfolios interest rate risk by drawing on the classical 
one period no-arbitrage approach of Financial Economics (Ingersoll (1987)). Under quite weak 
assumptions on the interest rate behavior several shadow riskless assets are introduced by means 
of semi-infinite mathematical programming problems. Then, these assets are interpreted as 
hedging strategies or, under adequate hypotheses, as i mmunized portfolios. The technique 
applies in a quite broad range of cases since, for instance, short-selling or convexity restrictions 
are not necessarily required and the uniqueness of the horizon planning period does not have to 
be imposed. The set of a dmissible shocks on the interest rate contains a vast number of 
possibilities, the solutions are robust and do not significantly depend on the random field 
framework affecting the interest rate, and under some conditions, derivative securities may be 
also  included in the analysis. Furthermore, appropriate algorithms are developed in a very 
general mathematical setting. Finally, a few examples illustrate the way they work in practice 
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4 Sduwldoo| ixqghg e| ￿Frpxqlgdg Dxw￿qrpd gh Pdgulg￿ +uhi= FDP 3:W@335:@5333, dqg Vsdqlvk Plq0
lvwu| ri Vflhqfh dqg Whfkqrorj| +uhi= EHF5333 ￿ 46;; ￿ F37 ￿ 36,1
5 Fruuhvsrqglqj dxwkru*v dgguhvv= Xqlyhuvlgdg Fduorv LLL1 Ghsduwdphqwr gh Hfrqrp￿d gh od Hpsuhvd1 F2
Pdgulg 4591 5;<36 Jhwdih +Pdgulg/ Vsdlq,1
Whohskrqh qxpehu= .670<4957<969/ id{ qxpehu= .670<4957<93;/ h0pdlo= edoedvChps1xf6p1hv
6 Ghsduwdphqwr gh Dgplqlvwudfl￿q1 Lqvwlwxwr Whfqro￿jlfr Dxw￿qrpr gh P￿{lfr +LWDP,1 Fro Wl}ds￿q0Vdq
˜qjho/ U￿r Krqgr/ &41 34333 P￿{lfr/ G1I1/ P￿{lfr1 ledqh}Clwdp1p{
7 Xqlyhuvlgdg Fduorv LLL1 Ghsduwdphqwr gh Hvwdg￿vwlfd | Hfrqrphwu￿d1 F2 Pdgulg 4591 5;<36 Jhwdih
+Pdgulg/ Vsdlq,1 puurphudChvw0hfrq1xf6p1hvDevwudfw
Wklv sdshu dgguhvvhv wkh khgjlqj ri erqg sruwirolrv lqwhuhvw udwh ulvn e| gudzlqj rq wkh fodvvlfdo
rqh shulrg qr0duelwudjh dssurdfk ri Ilqdqfldo Hfrqrplfv +Lqjhuvroo +4<;:,,1 Xqghu txlwh zhdn
dvvxpswlrqv rq wkh lqwhuhvw udwh ehkdylru vhyhudo vkdgrz ulvnohvv dvvhwv duh lqwurgxfhg e| phdqv ri
vhpl0lq￿qlwh pdwkhpdwlfdo surjudpplqj sureohpv1 Wkhq/ wkhvh dvvhwv duh lqwhusuhwhg dv khgjlqj
vwudwhjlhv ru/ xqghu dghtxdwh k|srwkhvhv/ dv lppxql}hg sruwirolrv1 Wkh whfkqltxh dssolhv lq d txlwh
eurdg udqjh ri fdvhv vlqfh/ iru lqvwdqfh/ vkruw0vhoolqj ru frqyh{lw| uhvwulfwlrqv duh qrw qhfhvvdulo|
uhtxluhg dqg wkh xqltxhqhvv ri wkh krul}rq sodqqlqj shulrg grhv qrw kdyh wr eh lpsrvhg1 Wkh vhw
ri dgplvvleoh vkrfnv rq wkh lqwhuhvw udwh frqwdlqv d ydvw qxpehu ri srvvlelolwlhv/ wkh vroxwlrqv duh
urexvw dqg gr qrw vljql￿fdqwo| ghshqg rq wkh udqgrp ￿hog iudphzrun d￿hfwlqj wkh lqwhuhvw udwh/
dqg xqghu vrph frqglwlrqv/ ghulydwlyh vhfxulwlhv pd| eh dovr lqfoxghg lq wkh dqdo|vlv1 Ixuwkhupruh/
dssursuldwh dojrulwkpv duh ghyhorshg lq d yhu| jhqhudo pdwkhpdwlfdo vhwwlqj1 Ilqdoo|/ d ihz
h{dpsohv looxvwudwh wkh jhqhudo irup ri wkh khgjlqj sruwirolr dorqj zlwk wkh zd| lw zrunv lq sudfwlfh1           
  !
Il{hg lqfrph vhfxulwlhv dqg wkhlu ghulydwlyhv duh dprqj wkh prvw wudghg dqg oltxlg lqvwuxphqwv1
Erqgv/ lqwhuhvw udwh olqnhg ixwxuhv/ fdoo dqg sxw rswlrqv/ vzdsv/ vzdswlrqv/ hwf1/ duh wudghg lq ￿qdq0
fldo pdunhwv dqg ryhu0wkh0frxqwhu lq doo ryhu wkh zruog1 Ehvlghv/ lq wkh odvw wzhqw| |hduv Ilqdqfldo
Hfrqrplfv kdv ghyhorshg d iuljkwixo wkhruhwlfdo dqg hpslulfdo dgydqfh lq wkh xqghuvwdqglqj ri wkhvh
surgxfwv1 H{whqglqj suhylrxv zrun lq rswlrq sulflqj wkhru|/ wkh slrqhhu frqwulexwlrqv ri Ydvlfhn
+4<::,/ Fr{/ Lqjhuvroo dqg Urvv +4<;8, dqg wkhlu pdq| h{whqvlrqv +vhh Kxoo +4<<:, ru Gx!h +5334,,
dqg rwkhuv kdyh vkrzq krz wr sulfh dqg prgho wkhvh lqvwuxphqwv1
Dprqj wkhvh ￿{hg lqfrph vhfxulwlhv/ ghidxow0iuhh dqg rswlrq0iuhh frxsrq erqgv phulw vshfldo
dwwhqwlrq1 Iluvw/ iurp erqg sulfhv d whup vwuxfwxuh ri lqwhuhvw udwhv +khqfhiruwk WVLU, ru ￿|lhog
fxuyh￿ fdq eh ghulyhg1 Wklv |lhog fxuyh lv rqh ri wkh ohdglqj hfrqrplfv lqglfdwru lq dq| ￿qdq0
fldo pdunhw1 Vhfrqg/ wkh erqg pdunhw lv rqh ri wkh prvw oltxlg pdunhwv1 Wklug/ wkhvh erqgv +ru
htxlydohqwo| |lhogv0wr0pdwxulw|, duh xqghuo|lqj yduldeohv lq pruh frpsoh{ ghulydwlyhv vxfk dv vwulsv/
ixwxuhv/ rswlrqv/ vzdsv/ hwf1 Irxuwk/ lq pdq| hphujlqj pdunhwv/ wkh rqo| oltxlg ￿{hg lqfrph vhfx0
ulwlhv duh frxsrq erqgv dqg ixwxuhv1 Iliwk/ pdq| ￿qdqfldo surgxfwv dv shqvlrq sodqv/ jxdudqwhhg
ixqgv/ olqnhg0lq dwlrq lqyhvwphqwv/ orqj whup edqnlqj vdylqj surgxfwv/ lqvxudqfh sodqv dqg erqg
lppxql}dwlrq vwudwhjlhv duh rqo| olqnhg wr erqgv vlqfh wkh| kdyh wr lqyhvw lq ulvn0iuhh vhfxulwlhv1
Pruhryhu/ wkh rxwvwdqglqj dprxqw lqyhvwhg lq wkhvh surgxfwv lv ri rughu ri eloolrq grooduv/ zklfk
pdnhv lw zruwkzkloh wr vwxg| wkhp1 Ghvslwh wkh vwrfn pdunhw surgxfhv d kljkhu udwh0ri0uhwxuq lq
wkh orqj whup/ wkh forvhvw vhfxulwlhv wr eh frpsohwho| ulvn0iuhh duh erqgv vlqfh wkh| rqo| frqyh|
lqwhuhvw udwh ulvn1 Iru doo wkhvh uhdvrqv/ wkh ulvnv dqg wudglqj vwudwhjlhv wkdw rqo| lqyroyh frxsrq
erqgv duh fuxfldo iru pdq| ￿qdqfldo dqg lqvxudqfh lqvwlwxwlrqv1
Wkh remhfwlyh ri wkh suhvhqw sdshu lv wr vwxg| d jhqhudo khgjlqj sureohp wkdw edvlfdoo| lqyroyhv
ghidxow0iuhh dqg rswlrq0iuhh frxsrq erqgv/ dowkrxjk vrph lqwhuhvw udwh olqnhg ghulydwlyhv frxog
dovr eh lqfoxghg1 Wklv sureohp lv uhodwhg wr lqyhvwphqw surgxfwv wkdw duh pdlqo| frqvwudlqhg wr
lqyhvw lq erqgv1 Dv uhpdunhg deryh/ frxsrq erqgv rqo| fduu| ryhu lqwhuhvw udwh ulvn/ wkh| duh ohvv
ulvn| wkdq ghulydwlyh vhfxulwlhv vxfk dv rswlrqv dqg ohvv ulvn| wkdq vwrfnv/ dqg wkhuhiruh/ wkh| duh
wkh dghtxdwh lqyhvwphqw yhklfohv iru ulvn iuhh vwudwhjlhv1 Wkh edvlf sureohp lv wkdw ri khgjlqj d
sruwirolr ri pxowlsoh oldelolwlhv/ zklfk lv htxlydohqw wr khgjlqj d vkruw ru orqj sruwirolr ri frxsrq
erqgv1 Wkh khgjlqj lqvwuxphqwv duh gl￿huhqw frxsrq erqgv1 Ohw xv wr vxppdul}h krz wklv sureohp
kdv ehhq wuhdwhg lq wkh olwhudwxuh1
Wkh ￿uvw dssurdfk lv wr xvh idfwru prghov ri wkh WVLU/ dv Fr{/ Lqjhuvroo/ dqg Urvv +4<;8,1
Khqfh/ wkh ulvn ri d erqg lv vlplodu wr wkh ulvn ri dq| pruh frpsoh{ vhfxulw|/ dqg wklv ulvn lv mxvw
wkh erqg ￿ghowd￿> wkh hodvwlflw| ri wkh erqg sulfh zlwk uhjdug wr fkdqjhv ri vwdwh yduldeohv1 Wklv
dssurdfk lv frqvlghuhg frqvlvwhqw vlqfh wkh fkdqjhv rq wkh vwdwh yduldeohv xvhg wr frpsxwh wkh
hodvwlflw| ri wkh erqg sulfh duh wkh vdph xvhg wr frpsxwh lwv sulfh1 Krzhyhu/ d sudfwlfdo dqg uhdo
vkruwfrplqj ri wklv dssurdfk lv wkdw wkh khgjlqj vwudwhj| lv rqo| frqvlvwhqw zlwk wkh sduwlfxodu
vkliwv rq wkh WVLU frqvlghuhg1
D vhfrqg/ pruh wudglwlrqdo dqg rog0idvklrq dssurdfk lv edvhg rq wkh frqfhswv ri ￿gxudwlrq￿ dqg
￿frqyh{lw|￿/ zklfk pd| eh irxqg lq dq| ￿qdqfldo wh{w errn1 Wkh Pdfdxod| gxudwlrq ri d erqg lv
gh￿qhg dv wkh hodvwlflw| ri wkh erqg sulfh zlwk uhjdug wr d sdudooho vkliw lq wkh |lhog fxuyh1 Wklv
dssurdfk lv lqfrqvlvwhqw vlqfh wklv sdudooho vkliw fdq eh frqvlghuhg dv dg0krf +Lqjhuvroo/ Vnhowrq dqg
Zhlo +4<:;,,1 Wkh frqfhsw ri gxudwlrq kdv ehhq jhqhudol}hg lq pdq| zd|v1 Iluvw/ rqh fdq ghulyh
dowhuqdwlyh gxudwlrq phdvxuhv e| dvvxplqj pruh jhqhudo vkliwv wkdq sdudooho1 Iru lqvwdqfh/ dvvxplqj
wkdw fkdqjhv rq lqwhuhvw udwhv fdq eh dssur{lpdwhg e| d sro|qrpldo/ Sulvpdq dqg Vkruhv +4<;;,
4ghulyh d yhfwru ri gxudwlrq phdvxuhv1 D pruh uhfhqw dssurdfk irfxvhv rq wkh hpslulfdo hvwlpdwlrq
ri wkhvh fkdqjhv +Howrq hw do1 +4<<3,/ Olwwhupdq dqg Vfkhlqnpdq +4<<4,/ Lopdqhq +4<<5,/ Uhlwdqr
+4<<5,/ hwf1, dqg ghulyhv wkh fruuhvsrqglqj gxudwlrq phdvxuhv1
Ilqdoo|/ Lqjhuvroo +4<;6, uhpdunv wkdw wkh uljkw vroxwlrq wr wklv khgjlqj sureohp vkrxog eh d
pdwxulw| pdwfklqj sruwirolr/ l=h=/ d sruwirolr wkdw kdv wkh vdph pdwxulw| vwuxfwxuh wkdw wkh sruwirolr
zh zrxog olnh wr khgjh1 Fohduo|/ wklv pdwxulw| pdwfklqj sruwirolr kdv qrw dq| lqwhuhvw udwh ulvn dw
doo1 Wkh sureohp/ krzhyhu/ frxog eh wkdw vxfk sruwirolr grhv qrw h{lvw dprqj wkh dydlodeoh erqgv/
ru vrph vkruw0vdoh frqvwudlqwv ru frvwo| elg2dvn sulfhv/ zklfk pdnh vxfk sruwirolr yhu| h{shqvlyh1
Iru wkh vlpsoh fdvh ri khgjlqj d vkruw srvlwlrq lq d }hur0frxsrq erqg e| xvlqj rqo| orqj frxsrq
erqgv +wkh wudglwlrqdo erqg sruwirolr lppxql}dwlrq sureohp,/ lw lv zruwk wr qrwh wkdw hpslulfdo
vwxglhv vkrz wkdw wkh ￿rog0idvklrq￿ gxudwlrq dssurdfk kdv surgxfhg jrrg dqg ehwwhu khgjlqj
vwudwhjlhv wkdq wkrvh ghulyhg iurp pruh prghuq dssurdfkhv +Lqjhuvroo +4<;6, dqg/ pruh uhfhqwo|/
Elhuzdj/ Irrodgl dqg Urehuwv +4<<6, dqg Edoe￿v/ Le￿￿h} dqg O￿sh} +5335,,1
D wkhruhwlfdo mxvwl￿fdwlrq ri zk| pdwfklqj gxudwlrq vwudwhjlhv zrun lv surylghg lq Elhuzdj dqg
Nkdqj +4<:<,/ Sulvpdq +4<;9,/ Irqj dqg Ydvlfhn +4<;7,/ Edoe￿v dqg Le￿￿h} +4<<;, dqg +5335,
dqg Edoe￿v/ Le￿￿h} dqg O￿sh} +5335,1 4 Wkhvh dxwkruv vkrz wkdw wkh erqg sulfh frqyh{lw|
lpsolhv wkdw gxudwlrq vwudwhjlhv duh forvh wr ￿pd{lplq￿ khgjlqj vwudwhjlhv/ dqg wkhuhiruh/ wkh| duh
urexvw djdlqvw gl￿huhqw fkdqjhv rq wkh lqwhuhvw udwhv dqg qrw rqo| djdlqvw sdudooho vkliwv1 Elhuzdj
dqg Nkdqj +4<:<, gh￿qh wkh pd{lplq vwudwhjlhv dv wkrvh wkdw jxdudqwhh wkh kljkhvw udwh ri uhwxuq
djdlqvw d sduwlfxodu vhw ri vkrfnv rq wkh lqwhuhvw udwhv1 Edoe￿v dqg Le￿￿h} +4<<;, vkrz wkdw pd{lplq
vwudwhjlhv surgxfh d ulvn0iuhh vkdgrz uhwxuq/ dqg Edoe￿v dqg Le￿￿h} +5335, jlyh dq dojrulwkp wr
frpsxwh pd{lplq khgjlqj vwudwhjlhv lq yhu| jhqhudo vhwwlqjv1
Li rqh frqvlghuv wkh pruh jhqhudo dqg uhdolvwlf sureohp ri khgjlqj d sruwirolr ri frxsrq erqgv
zlwk vkruw dqg orqj srvlwlrqv/ wkhq wkh frqyh{lw| surshuw| lv orvw1 Wkhuhiruh/ wkrvh dqdo|wlf whfk0
qltxhv xvhg wr ghulyh wkh vwudwhjlhv ri Irqj dqg Ydvlfhn +4<;7,/ Edoe￿v dqg Le￿￿h} +4<<;, dqg
+5335,/ Edoe￿v/ Le￿￿h} dqg O￿sh} +5335, dqg rwkhuv gr qrw krog1 Rqh fdq vwloo dsso| khgjlqj
vwudwhjlhv edvhg rq gxudwlrq phdvxuhv ru rq prghuq prghov ri wkh whup vwuxfwxuh1 Krzhyhu/ rqh
kdv wkh vdph gudzedfnv qrwhg deryh iru erwk vwudwhjlhv1 Wr ghdo zlwk wklv pruh jhqhudo sureohp/
plqlpd{ khgjlqj vwudwhjlhv edvhg rq wkh plqlpl}dwlrq ri wkh kljkhvw gluhfwlrqdo ghulydwlyh duh sur0
srvhg e| Erzghq +4<<:, dqg Eduehu dqg Frsshu +4<<;,/ exw wkhvh plqlpd{ vwudwhjlhv duh gl￿huhqw





Wklv sdshu dgguhvvhv wkh h{lvwhqfh/ surshuwlhv dqg frpsxwdwlrq ri pd{lplq sruwirolrv dv erqg
sruwirolr khgjlqj vwudwhjlhv lq d jhqhudo vhwwlqj1 Zh zloo gudz rq wkh fodvvlfdo rqh shulrg qr0
duelwudjh dssurdfk ri Ilqdqfldo Hfrqrplfv +vhh Lqjhuvroo +4<;:,, dqg zloo dqdo|}h wkh wlph lqwhuydo
ehwzhhq wkh fxuuhqw gdwh dqg wkh krul}rq sodqqlqj shulrg p1 Wkh vhw ri vwdwhv ri qdwxuh zloo eh
jlyhq e| d vhw ri uhdo ixqfwlrqv rq d wlph lqwhuydo ^3>W‘ +W ￿ p, dqg fruuhvsrqgv wr wkh ihdvleoh
vkrfnv rq wkh WVLU1 Wkh devhqfh ri duelwudjh zloo eh dvvxphg dv zhoo dv wkh devhqfh +lq jhqhudo,
ri d ulvnohvv dvvhw1 Zh zloo ghdo zlwk q erqgv +ru pruh jhqhudo dvvhwv, dqg vxssrvh wkh h{lvwhqfh ri
ixqfwlrqdov Y￿+n+w,,/ m @4 >5>===>q/ surylglqj d uhodwlrqvkls ehwzhhq dq| vkliw n+w, rq wkh lqwhuhvw
udwhv dqg wkh ydoxh dw p ri wkh m ￿ wk dvvhw1 Lq wklv iudphzrun zh zloo lqwurgxfh vhyhudo frqfhswv
uhodwhg wr pd{lplq vwudwhjlhv wkdw zloo sod| wkh uroh ri khgjlqj sruwirolrv dqg zloo eh frqvlghuhg
vkdgrz ulvnohvv vhfxulwlhv lq wkh vhqvh ri Lqjhuvroo +4<;:,/ ss1 7;1
4 Irqj dqg Ydvlfhn +4<;7,/ Edoe￿v dqg Le￿￿h} +4<<;, dqg Edoe￿v/ Le￿￿h} dqg O￿sh} +5335, dovr lqwurgxfh qhz
khgjlqj vwudwhjlhv edvhg rq pdwfklqj gxudwlrq dqg plqlpl}lqj glvshuvlrq phdvxuhv1 Vhh dovr wkh h{whqvlrqv ri Irqj
dqg Ydvlfhn +4<;7, surylghg lq Vklx +4<;:,/ Prqwuxffklr dqg Shffdwl +4<<4, dqg Xehuwl +4<<:,1
5Wklv dssurdfk shuplwv xv wr zrun xqghu zhdn k|srwkhvhv1 Iru lqvwdqfh/ wkh frqyh{lw| ri
ixqfwlrqdov Y￿ lv qrw qhfhvvdulo| uhtxluhg dqg/ wkhuhiruh/ vkruw0vhoolqj uhvwulfwlrqv gr qrw kdyh wr
eh lpsrvhg/ dqg wkh wd{ h￿hfwv ri Sulvpdq +4<;9, +dprqjvw rwkhuv, pd| eh lqfrusrudwhg1 Wkh
xqltxhqhvv ri wkh krul}rq sodqqlqj shulrg pd| eh holplqdwhg ehfdxvh zh fdq wdnh p @3dqg
dvvxph vkruw srvlwlrqv lq wkhruhwlfdo }hur frxsrq erqgv wkdw ghshqg rq wkh pdqdjhu*v oldelolwlhv
+vhh Eduehu dqg Frsshu +4<<;, iru d ixuwkhu glvfxvvlrq rq wklv surfhgxuh,1 Wkh vhw ri dgplvvleoh
vkrfnv n+w, rq wkh lqwhuhvw udwh frqwdlqv d ydvw qxpehu ri srvvlelolwlhv/ vlqfh qr vshfldo g|qdplfv
duh jlyhq1 Khqfh/ wkh rewdlqhg vroxwlrqv vhhp wr eh txlwh urexvw dqg gr qrw vljql￿fdqwo| ghshqg rq
wkh udqgrp ￿hog iudphzrun d￿hfwlqj wkh lqwhuhvw udwh +vhh Edoe￿v dqg Le￿￿h} +4<<;, iru d ixuwkhu
glvfxvvlrq rq wklv srlqw,1 Ilqdoo|/ wkh dssurdfk dovr doorzv xv wr lqyroyh d jlyhq lqwhuhvw udwh0olqnhg
ghulydwlyh dv orqj dv lwv ydoxh dw p dqg dq| duelwudu| vkrfn n+w, pd| eh frqqhfwhg e| d forvhg
h{suhvvlrq Y +n+w,,1
Wkh ohyho ri jhqhudolw| irufhv xv wr frqvlghu d pdwkhpdwlfdo iudphzrun idu pruh frpsoh{ wkdq
xvxdo lq wklv olwhudwxuh1 Lqghhg/ dv srlqwhg rxw lq Edoe￿v dqg Le￿￿h} +5335,/ wkh vdggoh srlqw
fkdudfwhul}dwlrq ri pd{lplq sruwirolrv jlyhq lq Sulvpdq +4<;9, grhv qrw krog dq| pruh/ li wkh
frqyh{lw| idlov1 Zkhqfh/ zh zloo kdyh wr zlghq wkh dujxphqw ri hyhu| ixqfwlrqdo Y￿ vr wkdw lwv
frqyh{lw| +hyhq olqhdulw|, pd| eh uhwulhyhg lq vrph vhqvh1 Wklv zloo eh grqh e| h{whqglqj Y￿ dv
d sduw ri d qhz ixqfwlrqdo H￿ wkdw |lhogv wkh h{shfwhg ydoxh dw p ri wkh m ￿ wk vhfxulw| li lw lv
dvvxphg d frqfuhwh suredelolw| glvwulexwlrq rq wkh vhw ri ihdvleoh vkrfnv1 Dv d frqvhtxhqfh zh
zloo ghdo zlwk vsdfhv zkrvh hohphqwv duh suredelolw| phdvxuhv/ dv zhoo dv vsdfhv ri frqwlqxrxv
ixqfwlrqv dqg ixqfwlrqdov/ O2 vsdfhv dqg rwkhu Edqdfk vsdfhv1 Lq wklv frqwh{w ri Edqdfk vsdfhv zh
zloo lqwurgxfh vrph pdwkhpdwlfdo surjudpplqj sureohpv/ suryh qhz vdggoh srlqw frqglwlrqv dqg
surylgh frpsohphqwdu| vodfnqhvv frqglwlrqv dqg dojrulwkpv1
Wkh sdshu lv rxwolqhg dv iroorzv1 Vhfwlrq 5 suhvhqwv qrwdwlrqv dqg edvlf dvvxpswlrqv dqg
uhvxowv1 Vhfwlrq 6 looxvwudwhv uhodwlrqvklsv ehwzhhq vkdgrz ulvnohvv vhfxulwlhv dqg vrph vhpl0lq￿qlwh
pdwkhpdwlfdo surjudpplqj sureohpv1 Dv xvxdo zkhq ghdolqj zlwk pd{lplq ru plqlpd{ fulwhuld lq
￿qdqfh +vhh iru lqvwdqfh +\rxqj +4<<;,,/ vshfldo dwwhqwlrq lv ghyrwhg wr wkh fdvh ri olqhdu sureohpv1
Lq wklv olqh/ Wkhruhp 43 hvwdeolvkhv d jhqhudo vdggoh srlqw frqglwlrq dqg surylghv d olqhdu sureohp
ohdglqj wr pd{lplq vwudwhjlhv xqghu frqh frqvwudlqwv rq wkh vhw ri ihdvleoh sruwirolrv1 Vhfwlrq 7
ghyhorsv d vlpsoh{0olnh dojrulwkp wkdw h{whqgv vrph dojrulwkpv suhvhqwhg lq Dqghuvrq dqg Qdvk
+4<;:, dqg doorzv xv wr vroyh lq sudfwlfh wkrvh olqhdu sureohpv suhylrxvo| lqwurgxfhg1 Vhfwlrq 8
vkrzv vrph sudfwlfdo h{dpsohv lq rughu wr looxvwudwh wkh wkhru| dqg wkh jhqhudo irup ri wkh vkdgrz
ulvnohvv dvvhw/ zklfk lv frpsduhg zlwk wkrvh vwudwhjlhv jhqhudwhg e| dqrwkhu khgjlqj fulwhulrq1
Pruhryhu/ wkh qxphulfdo h{dpsohv uhlqirufh d wkhruhwlfdo uhvxow hvwdeolvkhg lq Sursrvlwlrq 5 dqg
vkrz wkdw wkh pd{lplq sruwirolr lq wklv irupxodwlrq forvhv dqg uhvhpeohv wkh pdwxulw| pdwfklqj
sruwirolr ghpdqghg e| Lqjhuvroo +4<;6, dv wkh uljkw khgjlqj vwudwhj| iru wklv sureohp1 Ilqdoo|/




Wklv vhfwlrq lv ghyrwhg wr suhvhqw vrph edvlf qrwdwlrqv dqg wkh jhqhudo iudphzrun frqfhuqlqj wkh
lqwhuhvw udwh ehkdylru dqg erqg ydoxhv wkdw zloo dsso| wkurxjkrxw wkh sdshu1
Frqvlghu q duelwudu| erqgv E￿/ m @4 >5>===>q/ dydlodeoh lq wkh pdunhw/ dqg ghqrwh e| s @
+s￿>s 2>===>s?,/ s￿ A 3/ m @4 >5>===>q/ wkh yhfwru ri fxuuhqw sulfhv1 5 Vxssrvh wkdw W lv d ixwxuh
5 Zh zloo ghdo zlwk erqgv dowkrxjk prvw ri wkh wkhru| dovr pd| krog iru dqrwkhu nlqg ri lqwhuhvw udwh olqnhg
vhfxulwlhv1 Lq vxfk d fdvh zh fdq uhod{ R￿ : f/ ￿ ’￿ c2c￿￿￿c?/ dqg frqvlghu wkh zhdnhu dvvxpswlrq R￿ : f/ ehfdxvh zh
fdq xvh ￿￿ n ￿￿ lqvwhdg ri ￿￿ li R￿ ’f / ￿ ’2 c￿￿￿c?1
6gdwh vxfk wkdw wkh erqg pdwxulwlhv olh zlwklq wkh wlph lqwhuydo ^3>W‘/ 3 ghqrwlqj wkh fxuuhqw
gdwh1 Vxssrvh wkdw p 5 ^3>W‘ uhsuhvhqwv wkh krul}rq sodqqlqj shulrg 6 dqg N lv d vhw ri uhdo
ydoxhg ixqfwlrqv rq ^3>W‘ zkrvh hohphqwv duh dgplvvleoh vkrfnv rq wkh lqwhuhvw udwh1 Wkh sruwirolr
frpsrvhg ri t￿ xqlwv ri E￿/ m @4 >5>===>q/ zloo eh uhsuhvhqwhg e| t @+ t￿>t 2>===>t ?, 5 ,5? dqg S?
￿’￿ s￿t￿ zloo eh lwv fxuuhqw sulfh1 Li Y￿+n, lv wkh ydoxh ri E￿/ m @4 >5>===>q/d wp li n 5 N wdnhv





zloo surylgh xv zlwk wkh ydoxh Y +t>n, ri t @+ t￿>t 2>===>t?, dw p li n wdnhv sodfh/ zklfk lqfoxghv
wkrvh frxsrqv sdlg ehiruh p li pA31 Lpsruwdqw fdvhv ri srvvleoh vhwv N/ dv zhoo dv h{solflw
h{suhvvlrqv iru Y +t>n,/ zloo eh surylghg wkurxjkrxw wkh duwlfoh1
H{suhvvlrq +314, fohduo| vkrzv wkdw wkh ixqfwlrq Y lv olqhdu lq wkh t yduldeoh1
Zh zloo dvvxph wkdw N lv hqgrzhg zlwk dq dssursuldwh wrsrorj| dqg ehfrphv d Kdxvgru￿ dqg
frpsdfw vsdfh1 Pruhryhu Y￿ = N ￿$ ,5/ m @4 >5>===>q/ zloo eh dvvxphg wr eh frqwlqxrxv dqg/
wkhuhiruh/ lw wulyldoo| iroorzv iurp +314, wkdw Y +t>￿, = N ￿$ ,5 zloo eh dovr frqwlqxrxv lq wkh n
yduldeoh1
Jlyhq dq duelwudu| sruwirolr t 5 ,5?/ zh zloo gh￿qh lwv jxdudqwhhg ydoxh dw p e|
￿ Y +t, @ PlqiY +t>n,> n 5 Nj +315,
Zhlhuvwudvv* Wkhruhp/ wkh frpsdfwqhvv ri N dqg wkh frqwlqxlw| ri Y +t>￿, hqvxuh wkdw Y +t>￿,
dfklhyhv d ￿qlwh plqlpxp ydoxh lq N dqg/ frqvhtxhqwo|/ wkh gh￿qlwlrq +315, ri ￿ Y = ,5? $ ,5
lv frqvlvwhqw1 Pruhryhu/ ￿ Y lv fohduo| d vxshu0dgglwlyh dqg srvlwlyho| krprjhqhrxv ixqfwlrq/ l=h=/
surshuwlhv
￿ Y +t . t￿, ￿ ￿ Y +t, . ￿ Y +t￿, +316,
dqg
￿ Y +￿t, @ ￿￿ Y +t, +317,
wulyldoo| krog iru hyhu| ￿ ￿ 3 dqg hyhu| t/ t￿ 5 ,5?1 Dv dq reylrxv frqvhtxhqfh/ ￿ Y lv frqfdyh1
￿ Y +t, |lhogv wkh dprxqw ri prqh| rewdlqhg xqghu wkh prvw qhjdwlyh vfhqdulr +wkh zruvw vkrfn,
e| wkrvh djhqwv kroglqj wkh t sruwirolr dqg/ wkhuhiruh/ ￿ Y +t, pd| eh xqghuvwrrg dv d phdvxuh ri wkh
h￿hfwlyhqhvv ri t dv d khgjlqj vwudwhj| +vhh \rxqj +4<<;, iru d ixuwkhu glvfxvvlrq ri wklv txhvwlrq
lq d jhqhudo khgjlqj prgho,1 Lq wklv olqh/ d pd{lplq sruwirolr ohdgv wr wkrvh ydoxhv wkdw fdq eh
jxdudqwhhg diwhu dq| ihdvleoh vkrfn rq wkh lqwhuhvw udwh1 Pruhryhu/ +316, dqg +317,/ dorqj zlwk
￿ Y +t, ￿ ￿ Y +t￿, li Y +t>n, ￿ Y +t￿>n, iru hyhu| n 5 N/ lpso| wkdw ￿￿ Y vdwlv￿hv wkh k|srwkhvhv wr eh d
frkhuhqw ulvn phdvxuh +lq wkh vhqvh ri Duw}qhu hw do1 +4<<<,, h{fhsw wkh qrq0qhjdwlyhqhvv1 Wklv idfw
dovr vxjjhvwv wkdw plqlpl}lqj ￿￿ Y +pd{lpl}lqj ￿ Y , pd| eh dq dghtxdwh khgjlqj fulwhulrq1 Ilqdoo|/
qrwlfh wkdw wkh qrq0qhjdwlyhqhvv ri d frkhuhqw phdvxuh lv lq vrph vhqvh frqyhqwlrqdo dqg edvlfdoo|
lqglfdwhv wkh vfdoh ruljlq zh xvh zkhq ghdolqj zlwk ulvn1
Gh￿qlwlrq 4 Jlyhq dq duelwudu| vhw T ￿ ,5? dqg dq duelwudu| sruwirolr ￿ t 5 T/ ￿ t lv vdlg wr eh
T ￿ pd{lplq li ￿ Y +t, ￿ ￿ Y +￿ t, krogv iru hyhu| t 5 T1
6 Vrphwlphv lw lv frqvlghuhg wkdw wkh lqyhvwru lv pdlqo| lqwhuhvwhg lq wkh fxuuhqw ydoxh ri khu2klv sruwirolr/ lq
zklfk fdvh zh fdq wdnh 6 ’f 1 Ehvlghv/ li wkh lqyhvwru irfxvhv rq vhyhudo sodqqlqj shulrgv 6￿/ 62/111/6o/ dffruglqj
wr khu2klv oldelolwlhv/ wkhq zh fdq wdnh 6 ’fdorqj zlwk vrph sruwirolr frqvwudlqwv/ vlqfh vkruw srvlwlrqv lq +pd|eh
wkhruhwlfdo, }hur frxsrq erqgv zlwk 6￿c￿’￿ c2c￿￿￿co/ pdwxulw| pxvw eh dvvxphg1
7Wkh vhw T zloo eh gh￿qhg e| uhdo frqvwudlqwv lq sudfwlfdo dssolfdwlrqv1 Wkhvh frqvwudlqwv pd|
pdlqo| eh uhodwhg wr exgjhw uhvwulfwlrqv/ vkruw0vhoolqj uhvwulfwlrqv/ oldelolwlhv/ gxudwlrq uhvwulfwlrqv
dqg rwkhu xvxdo vlwxdwlrqv1 Frqfuhwh h{dpsohv zloo eh jlyhq lq ixwxuh vhfwlrqv1
Lq rughu wr hpskdvl}h wkdw pd{lplq sruwirolrv pd| eh yhu| dssursuldwh dv khgjlqj vwudwhjlhv zh
zloo vkrz wkdw xqghu wkh fodvvlfdo dssurdfk wkh| jhqhudol}h wkh frqfhsw ri lppxql}hg sruwirolr1 Zh
iroorz Elhuzdj dqg Nkdqj +4<:<, ru Sulvpdq +4<;9, wr irupdol}h wkh lghd ri lppxql}hg sruwirolr1
Gh￿qlwlrq 5 Dq duelwudu| sruwirolr ￿ t 5 ,5? lv vdlg wr eh dq lppxql}hg sruwirolr li ￿ Y +￿ t, @ Y +￿ t>3,1
Reylrxvo| wkh suhylrxv gh￿qlwlrq uhtxluhv wr dvvxph wkdw wkh qxoo vkrfn n @3lv ihdvleoh dqg
wkh WVLUpljkw uhpdlq frqvwdqw zlwklq wkh wlph lqwhuydo ^3>p‘1 Pruhryhu wklv zrxog eh wkh zruvw
vfhqdulr iru dq| lppxql}hg vwudwhj|1
Wkh fodvvlfdo srlqw ri ylhz vxssrvhv wkh h{lvwhqfh ri d srvlwlyh fdslwdol}dwlrq udwh U ehwzhhq 3
dqg p +wkh ydoxh dw p ri rqh groodu lqyhvwhg lq d wkhruhwlfdo }hur0frxsrq erqg zlwk p pdwxulw|,
vxfk wkdw




iru dq| sruwirolr t 5 ,5? +vhh dovr Edoe￿v dqg Le￿￿h} +4<<;, iru d ixuwkhu glvfxvvlrq,1
Sursrvlwlrq 4 Li +318, krogv dqg ￿ t 5 ,5? lv dq lppxql}hg sruwirolr wkhq ￿ t lv Tf￿pd{lplq/ Tf
ehlqj wkh vhw ri sruwirolrv zkrvh sulfh lv qrw juhdwhu wkdq wkh sulfh ri ￿ t1
Surri1 Vxssrvh wkdw ￿ t lv lppxql}hg exw qrw Tf￿pd{lplq1 Wkhq wkhuh h{lvwv t 5 ,5? vxfk wkdw S?
￿’￿ s￿t￿ ￿
S?
￿’￿s￿￿ t￿ dqg ￿ Y +￿ t, ? ￿ Y +t,1 Wkxv zh jhw wkh frqwudglfwlrq






s￿￿ t￿ @ Y +￿ t>3,
￿
Sursrvlwlrq 5 zloo lpso| wkdw wkh suhvhqw dssurdfk uhvshfwv wkh lghd ri Lqjhuvroo +4<;6, lq wkh
vhqvh wkdw/ dv orqj dv lw pd| eh uhsolfdwhg/ wkh }hur0frxsrq erqg zlwk p pdwxulw| lv wkh ehvw
khgjlqj vwudwhj|1 Lw lv zruwk wr uhpdun wklv surshuw| ehfdxvh pdq| wudglwlrqdo dqdo|vhv wulhg wr
khgjh e| dgmxvwlqj d vfdodu ru yhfwruldo gxudwlrq/ dqg wklv surfhgxuh kdv ehhq fulwlfl}hg ehfdxvh
li lw ohdgv wr lppxql}hg sruwirolrv +l=h=/ sruwirolrv yhuli|lqj wkh frqglwlrq ri Gh￿qlwlrq 5,w k h ql w
pd| dovr ohdg wr duelwudjh sruwirolrv1
Sursrvlwlrq 5 Li ￿ t 5 ,5? uhsolfdwhv wkh }hur0frxsrq erqg zlwk p pdwxulw| wkhq ￿ t lv dq lppxql}hg
sruwirolr1 Lq dgglwlrq/ li +318, krogv wkhq ￿ t lv Tf￿pd{lplq/ Tf ehlqj wkh vhw ri sruwirolrv zkrvh
sulfh lv qrw juhdwhu wkdq wkh sulfh ri ￿ t1
Surri1 Li ￿ t 5 ,5? uhsolfdwhv wkh }hur0frxsrq erqg zlwk p pdwxulw| wkhq Y +￿ t>n, pxvw htxdo wkh
sd|0r￿ surylghg ￿ t e| dw p iru dq| n 5 N1W k x vY +￿ t>n, @ ￿ Y +￿ t, iru hyhu| n 5 N dqg/ sduwlfxoduo|/
Y +￿ t>3, @ ￿ Y +￿ t,1 ￿
Wkh fodvvlfdo rqh shulrg dssurdfk ri Ilqdqfldo Hfrqrplfv xvxdoo| frqvlghuv wkdw vwdwhv ri wkh
zruog duh jlyhq e| suredelolw| vsdfhv udwkhu wkdq Kdxvgru￿ dqg frpsdfw vsdfhv dqg/ wkhuhiruh/
ixwxuh ydoxhv +sd|0r￿ xqghu wkh fodvvlfdo ylhzsrlqw, duh vtxduh0lqwhjudeoh ixqfwlrqv udwkhu wkdq
frqwlqxrxv rqhv1 Wklv idfw lpsolhv vrph dgydqwdjhv vlqfh frpsdfwqhvv lv qrw uhtxluhg dqg wkh
8vsdfh ri vtxduh0lqwhjudeoh ixqfwlrqv pdnhv lw srvvleoh wr dsso| wkrvh surshuwlhv rqo| dvvrfldwhg
zlwk Kloehuw vsdfhv +ruwkrjrqdolw| surshuwlhv/ iru lqvwdqfh,1 Lqvwhdg/ wkh vhw ri vwdwhv ri wkh zruog
pxvw eh hqgrzhg zlwk dq lqlwldo suredelolw| phdvxuh dqg wklv lv wkh uhdvrq zk| zh kdyh ghflghg
wr prgli| wkh jhqhudo iudphzrun1 Zh zloo irfxv rq yhu| jhqhudo vhwv ri vkrfnv dqg lw zrxog eh
txlwh gl!fxow lq sudfwlfh wr surylgh wkhvh vhwv zlwk uhdolvwlf suredelolwlhv1 Rq wkh rwkhu kdqg/
lw pd| eh hdvlo| vkrzq wkdw wkh frpsdfwqhvv ri N dqg wkh frqwlqxlw| ri Y￿/ m @4 >5>===>q/d u h
jhqhudo hqrxjk k|srwkhvhv dqg lqfoxgh prvw fdvhv1 Iru lqvwdqfh/ wkrvh vkrfnv frqvlghuhg lq Vklx
+4<;6,/ Irqj dqg Ydvlfhn +4<;7,/ Howrq hw do1 +4<<3,/ Prqwuxffklr dqg Shffdwl +4<<4,/ Elhuzdj hw
do1 +4<<6,/ Xehuwl +4<<:,/ Erzghq +4<<:,/ Eduehu dqg Frsshu +4<<;,/ Edoe￿v dqg Le￿￿h} +4<<;,/
Eduehu +4<<<,/ Edoe￿v dqg Le￿￿h} +5335, ru Edoe￿v hw do1 +5335, duh lqfoxghg lq wkh suhvhqw vhwwlqj
xqghu plqru prgl￿fdwlrqv1
Iru h{dpsoh/ dvvxph wkdw rqh irfxvhv rq wkh Irqj dqg Ydvlfhn +4<;7, iudphzrun dqg wkh vhw N
ri dgplvvleoh vkrfnv lv wkh vhw ri frqwlqxrxvo| gl￿huhqwldeoh ixqfwlrqv n rq ^3>W‘ vxfk wkdw wkh ￿uvw
ghulydwlyh yhul￿hv n￿+w, ￿ ￿/ zkhuh ￿ lv d jlyhq sdudphwhu zkrvh ydoxh ghshqgv rq wkh pdunhw1 Wkhq
ulvn| vfhqdulrv rffxu zkhq n￿ lv srvlwlyh vlqfh qhjdwlyh ghulydwlyhv pdnh wkh ixqfwlrqv Y￿ lqfuhdvh1
Frqvhtxhqwo| wkh frqfoxvlrqv zloo qrw eh dowhuhg li N lv uhvwulfwhg dqg rqo| wkrvh ixqfwlrqv n
vdwlvi|lqj m n￿+w, m￿ ￿ duh frqvlghuhg1 Lq vxfk d fdvh wkh Phdq Ydoxh Wkhruhp shuplwv xv wr suryh
wkdw N lv htxl0frqwlqxrxv dqg wkh Dvfrol0Dufhod*v Wkhruhp +vhh Kruyªwk +4<99,, vkrzv wkdw doo wkh
qrup0erxqghg vxevhwv ri N duh uhodwlyho| frpsdfw lq wkh wrsrorj| ri wkh xqlirup frqyhujhqfh ri
F^3>W‘/ vsdfh ri uhdo ydoxhg dqg frqwlqxrxv ixqfwlrqv rq ^3>W‘1
Wkh vhw ri vkrfnv ri Edoe￿v dqg Le￿￿h} +4<<;, lv frpsrvhg ri wkrvh ixqfwlrqv n ehorqjlqj
wr O2^3>W‘ dqg yhuli|lqj m n+w2, ￿ n+w￿, m￿ ￿ iru doprvw hyhu| w￿>w 2 5 ^3>W‘/ zkhuh ￿ lv d jlyhq
sdudphwhu wkdw ghshqgv rq wkh lqwhuhvw udwhv yrodwlolw|1 Rqfh djdlq/ li rqh lpsrvhv d uhdolvwlf xsshu






￿ +d2W,f￿D @ dWf￿D
dqg wkh vhw ri ihdvleoh vkrfnv lv qrup0erxqghg1 Wkxv/ wkh Dodrjox*v Wkhruhp +vhh Oxhqehujhu
+4<9<,, lpsolhv wkdw vhw ri ihdvleoh vkrfnv lv zhdn￿frpsdfw li lw lv zhdn￿forvhg1 Vlqfh wklv vhw
lv fohduo| frqyh{/ wkh Kdkq0Edqdfk*v Wkhruhp +vhh Kruyªwk +4<99,, vkrzv wkdw lw lv vx!flhqw wr
suryh wkdw wklv vhw lv forvhg1 Khqfh/ dvvxph wkdw wkh vhtxhqfh ri ihdvleoh vkrfnv +nw,wMW￿ whqgv wr
n lq wkh qrup ri O2^3>W‘/ ,1 ehlqj wkh vhw ri qdwxudo qxpehuv1 Wkhq wkh fodvvlfdo phdvxuh wkhru|
vkrzv wkdw d vxevhtxhqfh frqyhujhv doprvw hyhu|zkhuh wr n dqg/ wkhuhiruh/ m n+w2,￿n+w￿, m￿ ￿ dqg
m n+w, m￿ d doprvw hyhu|zkhuh1
Dv d ￿qdo h{dpsoh ohw xv frqvlghu wkh iudphzrun ri Erzghq +4<<:, ru Eduehu dqg Frsshu
+4<<;,1 Wkhq N @ O2^3>W‘ dqg pdq| uhdolvwlf prgl￿fdwlrqv pd| wudqvirup N lqwr d frpsdfw
vsdfh1 Iru lqvwdqfh/ frqvlghu dq dghtxdwh sdudphwhu ￿ frpsdwleoh zlwk wkh pdunhw dqg dvvxph
wkdw N lv wkh edoo ri O2^3>W‘ zlwk udglxv ￿1 Wkhq wkh Dodrjox*v Wkhruhp vkrzv wkdw N lv frpsdfw
zkhq hqgrzhg zlwk wkh zhdn wrsrorj| ri O2^3>W‘1
Dv xvxdo/ F+N, zloo ghqrwh wkh Edqdfk vsdfh ri uhdo ydoxhg dqg frqwlqxrxv ixqfwlrqv rq N
hqgrzhg zlwk wkh vxsuhpxp qrup1 Wkh Ulhv} Uhsuhvhqwdwlrq Wkhruhp +vhh Kruyªwk +4<99,, hv0
wdeolvkhv wkdw P+N, lv wkh gxdo vsdfh ri F+N,/ P+N, ehlqj wkh Edqdfk vsdfh ri uhjxodu ￿￿dgglwlyh
phdvxuhv rq wkh Eruho ￿￿dojheud E ri N hqgrzhg zlwk wkh yduldwlrq qrup1 Wkh surshuwlhv ri wkh
zhdnW￿wrsrorj| ￿+P+N,>F+N,, rq P+N, zloo eh dovr dssolhg1 Wkh vhw ri qrq0qhjdwlyh phdvxuhv
Pn+N, @ i￿ 5P +N,> ￿ ￿ 3j
9dqg wkh vhw ri suredelolw| phdvxuhv
S+N,@i￿ 5P +N,> ￿ ￿ 3/ ￿+N,@4 j
duh vshfldoo| lpsruwdqw vxevhwv ri P+N, +vhh Oxhqehujhu +4<9<, ru Dqghuvrq dqg Qdvk +4<;;, iru
ixuwkhu ghwdlov rq doo ri wkhvh srlqwv,1
Jlyhq dq duelwudu| ihdvleoh vkrfn n 5 N zh zloo frqvlghu lwv xvxdo dvvrfldwhg Gludf ghowd wkdw
frqfhqwudwhv doo wkh pdvv rq n/ l=h=/ wkh suredelolw| phdvxuh ￿& zlwk ￿&+n, @4dqg vxfk wkdw ghowd
ydqlvkhv rq wkh frpsohphqwdu| vhw ri inj1 Lq vrph vhqvh wkh vkrfn n pd| eh lghqwl￿hg zlwk ￿&
dqg/ wkhuhiruh/ N pd| eh xqghuvwrrg dv d vxevhw ri S+N,1





iru dq| sruwirolr t 5 ,5? dqg dq| uhjxodu phdvxuh ￿ 5P +N,1L i￿ lv d suredelolw| phdvxuh +l=h=/l i
￿ 5S+N,, wkhq +519, surylghv xv zlwk wkh h{shfwhg ydoxh jhqhudwhg e| t xqghu ￿1 Reylrxvo|/ H lv
d elolqhdu +l=h=/ vhsdudwho| olqhdu lq erwk yduldeohv, h{whqvlrq ri Y vlqfh
H+t>￿&, @ Y +t>n, +51:,
iru hyhu| t 5 ,5? dqg hyhu| n 5 N1 Pruhryhu/ wkh iroorzlqj uhvxow srlqwv rxw wkdw wkh ixqfwlrq ￿ Y
ri +315, lv dovr jhqhudwhg e| H1
Sursrvlwlrq 6 Wkh htxdolw|
￿ Y +t, @ PlqiH+t>￿,>￿ 5S+N,j +61;,
krogv iru hyhu| t 5 ,5?=
Surri1 Wkh lqhtxdolw| ￿ Y +t, ￿ LqiiH+t>￿,>￿ 5S +N,j wulyldoo| iroorzv iurp +315, dqg +51:,1







￿ Y +t,g￿+n, @ ￿ Y +t,








Wkh lqwurgxfwlrq ri pdwkhpdwlfdo surjudpplqj sureohpv ohdglqj wr khgjlqj vwudwhjlhv zdv ￿uvw
sursrvhg lq wkh vhplqdo dssurdfk ri Pdunrzlw}/ dqg lw lv fxuuhqwo| ehfrplqj pruh dqg pruh
lpsruwdqw lq wkh olwhudwxuh +vhh iru lqvwdqfh \rxqj +4<<;, ru Dqghuvvrq hw do1 +5334, iru uhfhqw
frqwulexwlrqv rq wklv wrslf,1 Wklv vhfwlrq zloo eh ghyrwhg wr suhvhqw dqg dqdo|}h vrph vhpl0lq￿qlwh
pdwkhpdwlfdo surjudpplqj sureohpv ohdglqj wr vhyhudo pd{lplq vwudwhjlhv dqg wkhlu dvvrfldwhg




￿’￿t￿Y￿+n, ￿ | ;n 5 N
t 5 T
+61<,
t 5 ,5? dqg | 5 ,5 ehlqj wkh ghflvlrq yduldeohv1 Sureohp +61<, pd| surylgh d xvhixo wrro zkhq
frpsxwlqj pd{lplq sruwirolrv lq sudfwlfh vlqfh zh kdyh wkh iroorzlqj uhvxow zkrvh suryh lv txlwh
vlpsoh dqg wkhuhiruh rplwwhg1
:Sursrvlwlrq 7 Jlyhq dq duelwudu| vhw T ￿ ,5? dqg dq duelwudu| ￿ t 5 T/z hk d y hw k d w￿ t lv
T￿pd{lplq li dqg rqo| li wkhuh h{lvwv ￿ | 5 ,5 vxfk wkdw +￿ t>￿ |, vroyhv +61<,1 Lq wkh d!updwlyh
fdvh wkh htxdolw| ￿ | @ ￿ Y +￿ t, krogv1 ￿






￿’￿ t￿Y￿+n, ￿ | ;n 5 N
t 5 T S?








￿’￿t￿Y￿+n, ￿ ￿W ;n 5 N
t 5 T
+7144,
￿ ￿ dqg ￿W ehlqj duelwudu| frqvwdqwv dqg +t>|, 5 ,5?￿,5 dqg t 5 ,5? wkh ghflvlrq yduldeohv uhvshfwlyho|1
Sursrvlwlrq 7 srlqwv rxw wkdw +7143, |lhogv wkh T￿￿pd{lplq sruwirolr zkhuh T￿ lv frpsrvhg ri
wkrvh sruwirolrv ri T zkrvh wrwdo sulfh lv qrw odujhu wkdq ￿ ￿1 Lq sudfwlfh ￿ ￿ pd| uhsuhvhqw wkh fdslwdo
wr lqyhvw1 Vshfldo dwwhqwlrq pd| phulw wkh vhoi0￿qdqflqj fdvh ￿ ￿ @3wkdw dulvhv zkhq d pdqdjhu lv
khgjlqj oldelolwlhv ri d jlyhq ixqg1
Rq wkh rwkhu kdqg +7144, wdnhv d gl￿huhqw ylhzsrlqw vlqfh lw doorzv djhqwv wr ￿{ wkh dprxqw ri
prqh| ￿W wr eh jxdudqwhhg dqg plqlpl}hv wkh dprxqw ri prqh| wr lqyhvw1
Sursrvlwlrq 8 zloo vkrz wzr fdvhv iruzklfk erwk sureohpv duh uhodwhg lq wkh vhqvh wkdw +7144,
dovr ohdgv wr pd{lplq sruwirolrv1 Ixuwkhupruh/ wkh surri zloo uh hfw wkdw pruh fdvhv wkdq wkrvh
khuh surylghg pd| eh hdvlo| irxqg1 Ilqdoo|/ lw lv fohdu wkdw wkh rswlpdo ydoxh ri +7144, pd| eh
lqwhusuhwhg dv wkh wrwdo uhvhuyh wkdw d pdqdjhu pxvw dgg lq rughu wr jxdudqwhh ￿W lqvwhdg ri wkh
rswlpdo ydoxh ri +7143, zlwk ￿ ￿ @3 1
Sursrvlwlrq 8 Frqvlghu d vxevhw T ri ,5? dqg wzr duelwudu| uhdo qxpehuv ￿ ￿ dqg ￿W1 Vxssrvh wkdw
tW vroyhv +7144, dqg ￿ ￿ @
S?
￿’￿ s￿tW
￿1 Vxssrvh ￿qdoo| wkdw dw ohdvw rqh ri wkh iroorzlqj frqglwlrqv
krogv=
d, tW lv wkh xqltxh vroxwlrq ri +7144,1
e, Iru hyhu| t 5 T zh kdyh wkdw t￿ 5 T li wkh sulfh ri t￿ lv qrw odujhu wkdq wkh sulfh ri t1




Surri1 Li +tW> ￿ Y +tW,, grhv qrw vroyh +7143, wkhq wkhuh h{lvwv +t>|, 5 T ￿,5 vxfk wkdw
? [
￿’￿
t￿Y￿+n, ￿ |A￿ Y +tW,








Vxssrvh wkdw d, krogv1 Wkhq ￿ Y +tW, ￿ ￿W lpsolhv wkdw t lv +7144,0ihdvleoh dqg wkxv tW lv qrw d xqltxh
vroxwlrq ri +7144,1 Vxssrvh wkdw e, krogv1 Li s￿ 9@3wkhq wdnh %A3 vxfk wkdw t￿ jlyhq e|
￿
t￿
￿ @ t￿ ￿ %
t￿





￿Y￿+n, A ￿ Y +tW,









Rqfh djdlq ￿ Y +tW, ￿ ￿W lpsolhv wkdw t dqg t￿ duh +7144,0ihdvleoh dqg wkxv +8145, lpsolhv wkdw tW grhv
qrw vroyh +7144,1 ￿
Dv zloo eh vkrzq lq Wkhruhp 43 wkh odwwhu sursrvlwlrq pd| eh vljql￿fdqwo| h{whqghg dqg ghhshu
uhvxowv pd| eh rewdlqhg lq wkh frqyh{ fdvh1 Zh zloo irfxv rq wklv sduwlfxodu vlwxdwlrq zlwk ￿W @4 1






￿’￿ t￿Y￿+n, ￿ 4 ;n 5 N
t 5 T
+8146,
t @ +t￿>t 2>===>t?, ehlqj wkh ghflvlrq yduldeoh1 Sureohp +8146, surylghv wkh plqlpxp sulfh ri wkrvh
sruwirolrv ehorqjlqj wr T dqg jxdudqwhhlqj rqh groodu dw ohdvw1
Sureohp +8146, lv vhpl0lq￿qlwh ehfdxvh wkh ￿uvw frqvwudlqw lv ydoxhg lq wkh vsdfh F+N,1 Iroorzlqj
wkh dssurdfk ri Oxhqehujhu +4<9<,/ Fkdswhu </ wkh gxdo yduldeoh ehorqjv wr wkh gxdo vsdfh P+N,



























￿ 5P +N, ehlqj wkh ghflvlrq yduldeoh1 7
Wkh devhqfh ri gxdolw| jds ehwzhhq +8146, dqg +8147, lv qrw jxdudqwhhg vlqfh zh duh lq wkh idfh
ri lq￿qlwh0glphqvlrqdo sureohpv +vhh Oxhqehujhu +4<9<, ru Edoe￿v dqg Jxhuud +4<<9, iru ixuwkhu
ghwdlov,1 Wkxv/ khuhdiwhu zh zloo dvvxph dgglwlrqdo frqglwlrqv1 Iluvw vxssrvh wkh h{lvwhqfh ri d
erqg jxdudqwhhlqj d srvlwlyh dprxqw ri prqh| dw p/ l=h=/ d erqg zklfk zloo qrw orvh doo lwv ydoxh
li lwv prvw qhjdwlyh vfhqdulr rffxuv1 8 Wkh pdwkhpdwlfdo vwdwhphqw ri wklv lghd lv dv iroorzv=
Dvvxpswlrq D￿1 Wkhuh h{lvwv ￿A3 vxfk wkdw Y￿+n, ￿ ￿ krogv iru hyhu| n 5 N1
Ixuwkhupruh zh zloo lpsrvh wkh vhw T wr vdwlvi| d vlpsoh uhtxluhphqw1
Frqglwlrq F￿1 Wkh frqyh{ vhw T ri Sureohpv +8146, dqg +8147, yhul￿hv wkh h{lvwhqfh ri ￿2/
￿￿/111/￿? 5 ,5 vxfk wkdw t @ +￿>￿2>￿￿>===￿?, 5 T iru hyhu| ￿A31























lv wkh gxdo sureohp1
8 Dfwxdoo| wklv surshuw| zloo reylrxvo| krog zkhq ghdolqj zlwk erqgv1 Krzhyhu/ dv douhdg| vdlg/ prvw ri wkh wkhru|
dovr dssolhv lq pruh jhqhudo vlwxdwlrqv/ lq zklfk fdvh wkh dvvxpswlrq lv uhtxluhg1
<Frqglwlrq F￿ lv fohduo| vdwlv￿hg li +4>3>3>===3, 5 T dqg T lv d frqyh{ frqh1 9
Wkh ixo￿oophqw ri Dvvxpswlrq D￿ dqg Frqglwlrq F￿ zloo eh dvvxphg xqohvv wkh rssrvlwh lv
h{solflwo| phqwlrqhg1 D￿ dqg F￿/ dorqj zlwk duelwudjh dujxphqwv/ vroyh wkh gxdolw| jds dqg vrph
dgglwlrqdo pdwkhpdwlfdo gl!fxowlhv jhqhudwhg e| +8146, dqg +8147,1 Lq idfw/ ￿uvw ri doo/ Sureohp
+8146, lv ihdvleoh gxh wr Dvvxpswlrq D￿ dqg Frqglwlrq F￿1 Ixuwkhupruh/ +8146, lv dovr erxqghg
vlqfh dqg rswlpdo ydoxh htxdo wr ￿4 zrxog lpso| wkh h{lvwhqfh ri sruwirolrv zlwk qhjdwlyh sulfh
jxdudqwhhlqj pruh wkdq rqh groodu xqghu dq| ihdvleoh vfhqdulr/ surylglqj lqyhvwruv zlwk dq duelwudjh
rssruwxqlw|1 Ehvlghv/ wkh gxdolw| jds ehwzhhq +8146, dqg +8147, ydqlvkhv dqg +8147, lv vroydeoh :
ehfdxvh D￿ dqg F￿ ohdg wr wkh h{lvwhqfh ri t @+ ￿>￿2>￿￿>===￿?, 5 T vxfk wkdw Y +t>n, A 4
iru hyhu| n 5 N dqg/ wkhuhiruh/ Vodwhu*v txdol￿fdwlrq krogv +vhh Oxhqehujhu +4<9<,,1 Ilqdoo|/ wkh
rswlpdo ydoxh P’ ri +8146, dqg +8147, fdqqrw eh qhjdwlyh vlqfh/ rqfh djdlq/ P’ ? 3 zrxog lpso|
duelwudjh1 Wkhvh surshuwlhv duh vxppdul}hg lq wkh vwdwhphqw ehorz1
Sursrvlwlrq 9 Sureohpv +8146, dqg +8147, duh ihdvleoh dqg erxqghg dqg gr qrw jhqhudwh dq|
gxdolw| jds1 Wkh rswlpdo ydoxh ri erwk sureohpv lv qrq0qhjdwlyh dqg Sureohp +8147, lv vroydeoh1 ￿
Qh{w zh zloo lqwurgxfh wkh frqfhsw ri vkdgrz ulvnohvv uhwxuq1 ;




zkhuh P’ uhsuhvhqwv wkh rswlpdo ydoxh ri +8147,1
Sursrvlwlrq 9 fohduo| lpsolhv wkdw
3 ?U ’ ￿4
dqg duelwudjh dujxphqwv ohdg wr
3 ?U ’ ? 4 +9148,
xqohvv +8146, lv qrw vroydeoh/ lq zklfk fdvh U’ @ 4 pljkw krog1
Qh{w zh zloo h{whqg Sursrvlwlrq 8 dqg suryh wkdw pd{lplq sruwirolrv dqg wkrvh sruwirolrv
surylglqj xv zlwk vkdgrz ulvnohvv uhwxuqv duh forvho| uhodwhg1 Pruhryhu/ wkh zruvw vkrfnv pd| eh
hdvlo| rewdlqhg iurp +8147,1




g￿+n, v1w1 ￿ ￿ 3 dqg
￿ S?
￿’￿ t￿s￿ ￿ H+t>￿, ;t 5 T +:149,

































9 Uhfdoo wkdw wkh frqyh{ vhw ’ l vdf r q y h {f r q hl iq^ M ’ iru hyhu| ^ M ’ dqg hyhu| q D f1
: ￿￿e￿/ wkh gxdo remhfwlyh dwwdlqv dq rswlpdo ydoxh dw vrph gxdo ihdvleoh vroxwlrq >1
; Zh kdyh wdnhq wklv qdph iurp Lqjhuvroo +4<;:, RR￿eH1 Wkh whup lv dovr xvhg lq Edoe￿v dqg Le￿￿h} +4<<;,1
43iru hyhu| t 5 T vlqfh/ rwkhuzlvh/ t frxog eh pxowlsolhg e| ￿ $4dqg wkh htxdolw| ￿+￿,@￿4
zrxog eh rewdlqhg1 H{suhvvlrq +:14;, fohduo| lpsolhv wkdw
? [
￿’￿
t￿s￿ ￿ H+t>￿, dqg/ pruhryhu/ t lq
+:14;, pd| eh pxowlsolhg e| ￿ $ 3n lq zklfk fdvh wkh htxdolw| ￿+￿,@
U
g g￿+n, wulyldoo| iroorzv
iurp +:14:,1 ￿




Pruhryhu/ li +8146, dwwdlqv lwv rswlpdo ydoxh wkhq P’ A 3 dqg U’￿W lv d suredelolw| phdvxuh1
Surri1 H{suhvvlrq +;14<, wulyldoo| iroorzv iurp wkh suhylrxv ohppd1 Ixuwkhupruh/ li +8146, dwwdlqv
lwv rswlpdo ydoxh wkhq +9148, srlqwv rxw wkdw U’ ? 4/ iurp zkhuh U’
U
g g￿W+n,@U’P’ @4 1 ￿
Ohppd < Li T lv d frqyh{ frqh/ tW 5 T vroyhv +8146, dqg wkh qrq0qhjdwlyh uhjxodu phdvxuh ￿W
vroyhv +8147,/ wkhq H+tW>U ’￿W, @ ￿ Y +tW, @4 1
Surri1 H{suhvvlrq +:149, lpsolhv wkdw H+t>￿, ￿
S?
￿’￿ s￿t￿ li t lv +8146,0ihdvleoh dqg ￿ lv +:149,0
ihdvleoh1 Pruhryhu/ tW lv +8146,0ihdvleoh dqg/ wkhuhiruh/ ￿ Y +tW, ￿ 41 Frqvhtxhqwo|/ dqg ehdulqj lq





￿ ￿ H+tW>￿ W, @
]
g







Khqfh doo wkh suhylrxv whupv pxvw eh htxdo dqg wkh frqfoxvlrq wulyldoo| iroorzv diwhu pxowlso|lqj
wkh zkroh h{suhvvlrq e| U’1 ￿
Wkhruhp 43 +Vdggoh Srlqw Wkhruhp,1 Frqvlghu dq duelwudu| frqyh{ frqh T dqg d srvlwlyh












wkh vhw ri wkrvh sruwirolrv ri T zkrvh wrwdo sulfh lv qrw odujhu wkdq F1 Frqvlghu wkdw wkh qrq0qhjdwlyh
uhjxodu phdvxuh ￿W vroyhv +8147, dqg vxssrvh ￿qdoo| wkdw +8146, dwwdlqv lwv rswlpdo ydoxh1 Wkhq/
wkh iroorzlqj dvvhuwlrqv duh htxlydohqw=
d, tW 5 T vroyhv +8146,
e, ￿ t @ FU’tW lv T￿ ￿ pd{lplq1
f, +FU’tW>U ’￿W, lv d vdggoh srlqw ri H lq T￿ ￿S+N,/ l=h1/
H+t>U’￿W, ￿ H+FU’tW>U ’￿W, ￿ H+FU’tW>￿,
iru hyhu| t 5 T￿ dqg hyhu| ￿ 5S+N,1
Surri1 d, , f, Vxssrvh wkdw ￿ lv d suredelolw| phdvxuh1 Vlqfh tW lv +8146,0ihdvleoh zh kdyh wkdw








44dqg wkh suhylrxv ohppd jxdudqwhhv wkdw H+tW>￿, ￿ H+tW>U ’￿W,1
Rq wkh rwkhu kdqg vlqfh ￿W lv +8147,0ihdvleoh wkhq Ohppd : jxdudqwhhv wkdw H+t>￿W, ￿
S?
￿’￿t￿s￿
iru hyhu| t 5 T1 Lq sduwlfxodu/ li wkh sulfh ri t lv qrw juhdwhu wkdq F wkhq H+t>U’￿W, ￿ U’F zkloh
wkh suhylrxv ohppd vkrzv wkdw H+FU’tW>U ’￿W,@U’F1
f, , e, Sursrvlwlrq 6 dqg wkh lqhtxdolw| H+FU’tW>U ’￿W, ￿ H+FU’tW>￿, fohduo| lpso| wkdw
￿ Y +FU’tW,@H+FU’tW>U ’￿W,1 Ehvlghv/ iurp Sursrvlwlrq 6/ ￿ Y +t, ￿ H+t>U’￿W, ￿ H+FU’tW>U ’￿W,
iru hyhu| t 5 T￿1
e, , d, Vlqfh FU’tW lv T￿￿pd{lplq zh kdyh wkdw FU’tW 5 T￿1 Wkxv/ wkh sulfh ri tW fdqqrw
eh odujhu wkdq P’/ wkh rswlpdo ydoxh ri +8146, dqg/ frqvhtxhqwo|/ lw lv vx!flhqw wr suryh wkdw tW
lv +8146,0ihdvleoh1 Ohw t eh d vroxwlrq ri +8146,1 Wkh sulfh ri t htxdov P’ dqg ￿ Y +t, ￿ 41 Khqfh
wkh sulfh ri FU’t htxdov F dqg/ ehdulqj lq plqg wkdw ￿ Y lv srvlwlyho| krprjhqhrxv dqg FU’tW lv
T￿￿pd{lplq/ zh jhw
FU’ ￿ FU’￿ Y +t,@￿ Y +FU’t, ￿ ￿ Y +FU’tW,@FU’￿ Y +tW,
dqg 4 ￿ ￿ Y +tW,1 ￿
Uhpdun 4 d, Wkh htxlydohqfh ehwzhhq dvvhuwlrqv e, dqg f, ri Wkhruhp 43 vkrzv wkdw U’￿W lv wkh
zruvw vkrfn iru wkh T￿￿pd{lplq sruwirolr vlqfh wkh vdggoh srlqw frqglwlrq/ dorqj zlwk H{suhvvlrq
+51:, dqg Sursrvlwlrq 6/ suryh wkdw
￿ Y +FU’tW, @ H+FU’tW>U ’￿W, ￿ Y +FU’tW>n, +43153,
iru hyhu| n 5 N1
e, H{suhvvlrq +43153, srlqwv rxw wkdw wkh zruvw vkrfn lv d suredelolw| phdvxuh udwkhu wkdq d uhdo
vkrfn n 5 N1 Wklv idfw lv d fohdu gl￿huhqfh ehwzhhq wkh suhvhqw dssurdfk dqg wkrvh ri suhylrxv
olwhudwxuh +vhh iru lqvwdqfh Elhuzdj dqg Nkdqj +4<:<,/ Sulvpdq +4<;9,/ Erzghq +4<<:,/ Eduehu
dqg Frsshu +4<<;,/ Eduehu +4<<<, ru Edoe￿v dqg Le￿￿h} +5335,,1
f, Wkh lqhtxdolw| H+t>U’￿W, ￿ H+FU’tW>U ’￿W, ri Wkhruhp 43f suryhv wkdw xqghu wkh zruvw
vfhqdulr wkh pd{lplq sruwirolr lv wkh prvw h!flhqw dv d khgjlqj vwudwhj|1
g, Wkhruhp 43 dovr looxvwudwhv wkdw pd{lplq sruwirolrv dqg zruvw vkrfnv duh jlyhq e| vroxwlrqv
ri +8146, dqg +:149,/ d gxdo sdlu ri olqhdu sureohpv1 Khqfh wkh gxdolw| jds devhqfh ri Sursrvlwlrq
9 dqg wkh vroydelolw| ri +8146, jxdudqwhh wkdw pd{lplq sruwirolrv dqg zruvw vkrfnv fdq eh rewdlqhg
iurp d idplo| ri frpsohphqwdu| vodfnqhvv frqglwlrqv1 Lq idfw/ tW dqg ￿W duh fkdudfwhul}hg e| wkh
v|vwhp ;
A A A A A ?
A A A A A =
S?
￿’￿ t￿Y￿+n, ￿ 4 ;n 5 N S?
￿’￿ t￿
￿s￿ ￿ H+t￿>￿, ;t￿ 5 T
t 5 T dqg ￿ ￿ 3 S?
￿’￿ t￿Y￿+n, @4 ;n 5 Vs+￿, S?
￿’￿ t￿s￿ @ H+t>￿,
+43154,
t 5 ,5? dqg ￿ 5P +N, ehlqj wkh xqnqrzqv ri wkh sureohp dqg Vs+￿, ghqrwlqj wkh vxssruw ri ￿1 <
Pruhryhu/ wkh gxdolw| jds devhqfh dqg wkh ￿iwk htxdwlrq ri +43154, ohdg wr
H+tW>￿ W, @ ￿W+N,
h, Qrwlfh wkdw wkh ￿uvw dqg wkh irxuwk h{suhvvlrqv ri +43154, vkrz wkdw Y +tW>￿, dfklhyhv wkh
plqlpxp ydoxh dw dq| n 5 Vs+￿, dqg/ frqvhtxhqwo|/ Vs+￿, lv wkh vhw ri prvw qhjdwlyh vfhqdulrv
iru wkh pd{lplq vwudwhj|1
< Uhfdoo wkdw iru dq| uhjxodu phdvxuh D M} nEg￿ wkhuh h{lvwv d vxevhw C a g vxfk wkdw C lv rshq/ DEC￿ ’fdqg
C
￿ a C iru dq| rshq vxevhw C
￿ a g zlwk DEC
￿￿ ’f 1 Wkh vxssruw ri D frlqflghv zlwk lwv frpsohphqwdu| vhw & . C1
45i, Wkhruhp 43 lpsrvhv wkh vhw T wr eh d frqyh{ frqh1 Wklv uhvwulfwlrq zloo krog lq pdq| sudfwlfdo
fdvhv1 Iru lqvwdqfh/ wkh dvvxpswlrq krogv li wkhuh duh qr frqvwudlqwv rq wkh sruwirolr +T @ ,5?,/ li
wkhuh duh vkruw0vhoolqj uhvwulfwlrqv lq vrph erqgv ru/ dv xvxdo lq pdq| fdvhv/ li wkhuh duh gxudwlrq
frqvwudlqwv +vhh Sdurxvk dqg Sulvpdq +4<<:, iru vhyhudo h{dpsohv ri gxudwlrq frqvwudlqwv,1 ￿







Sursrvlwlrqv 7 dqg 8 dqg Wkhruhp 43 kdyh douhdg| vkrzq wkdw Sureohpv +61<,/ +7144, dqg +8146,
pd| dsso| zkhq frpsxwlqj pd{lplq sruwirolrv lq sudfwlfh1 Ixuwkhupruh/ wkhvh sureohpv duh frqyh{
li wkh vhw T lv dovr frqyh{ dqg wkxv/ dv orqj dv wkh gxdolw| jds devhqfh pd| eh hqvxuhg/ wkhlu gxdo
sureohpv dovr surylgh pd{lplq sruwirolrv dv zhoo dv zruvw vkrfnv jlyhq e| uhjxodu phdvxuhv1
Zh zloo frqfhqwudwh rq Sureohpv +8146, dqg +:149, ehfdxvh Wkhruhp 43 uhyhdov wkhlu lpsruwdqw
surshuwlhv/ exw lqwhuhvwlqj uhvxowv frxog dovr eh surylghg iru wkh uhpdlqghu sureohpv1
V|vwhp +43154, pd| |lhog d xvhixo phwkrg wr frpsxwh vroxwlrqv ri +8146, dqg +:149, exw lw lv
dovr reylrxv wkdw rqh fdq ￿qg kdug gl!fxowlhv wr vroyh wklv v|vwhp lq pdq| sudfwlfdo dssolfdwlrqv1
Frqvhtxhqwo| zh zloo surylgh d vhpl0lq￿qlwh vlpsoh{0olnh dojrulwkp wkdw lv edvhg rq wkrvh dojrulwkpv
ghyhorshg lq Dqghuvrq dqg Qdvk +4<;:, xqghu vrph prgl￿fdwlrqv1 Iluvw ri doo vrph fkdudfwhulvwlfv
ri erwk sureohpv dqg wkhlu vroxwlrqv pxvw eh vwdwhg1
Sursrvlwlrq 44 Ohw T e hdf r q y h {f r q h 1I r uh y h u |%A3 wkhuh h{lvwv dq h{wuhph srlqw ￿0 ri wkh
+:149,0ihdvleoh vhw 43 vxfk wkdw ]
g
g￿+n, ￿ P’ ￿ %
Surri1 Ghqrwh e| I_ wkh +:149,0ihdvleoh vhw1 Wkh ixqfwlrq P+N, 6 ￿ ￿$ H+t>￿, 5 ,5 lv fohduo|
zhdnW￿frqwlqxrxv +vhh Oxhqehujhu +4<9<,, iru hyhu| t 5 T1 Khqfh I_ lv zhdnW￿forvhg1 Ehvlghv I_
lv qrup0erxqghg vlqfh lw lv lqfoxghg lq Pn+N, dqg wkhlu hohphqwv yhuli|
U
g g￿+n, ￿ P’1 Wkxv/
wkh Dodrjox*v Wkhruhp +vhh Oxhqehujhu +4<9<,, vkrzv wkdw I_ lv zhdnW￿frpsdfw dqg wkh Nuhlq0
Plopdq*v Wkhruhp +vhh Kruyªwk +4<99,, vkrzv wkdw I_ frlqflghv zlwk wkh zhdnW￿forvhg frqyh{
kxoo ri lwv h{wuhph srlqwv1 Dv d frqvhtxhqfh wkh uhvxow wulyldoo| iroorzv iurp wkh zhdnW￿frqwlqxlw|
+vhh Oxhqehujhu +4<9<,, ri wkh gxdo remhfwlyh1 ￿
Wkh odwwhu uhvxow mxvwl￿hv wkh lqwhuhvw ri vwxg|lqj wkh vhw h{w+I_, ri h{wuhph srlqwv ri wkh +:149,0
ihdvleoh vhw I_1 D suholplqdu| zhoo0nqrzq uhvxow lv jlyhq e| wkh iroorzlqj ohppd zkrvh surri pd|
eh hdvlo| irxqg lq wkh olwhudwxuh=
Ohppd 45 h{w+i￿ 5P +N,> ￿ ￿ 3/ ￿+N, ￿ 4j, @ i3j^i ￿&>n 5 Nj1 ￿
Dv xvxdo/ gh￿qh
t . T @ it . t￿ 5 ,5?>t￿ 5 Tj
iru hyhu| T ￿ ,5? dqg hyhu| t 5 ,5?= Wkhq/ uhfdoo wkdw
O’ @ it 5 T>t . T @ Tj
43 ￿￿e￿/ >0 fdqqrw eh h{suhvvhg dv d olqhdu frqyh{ frpelqdwlrq ri gl￿huhqw +:149,0ihdvleoh hohphqwv1
46lv d olqhdu vsdfh iru dq| duelwudu| forvhg frqyh{ frqh T ￿ ,5?1L i O
7
’ uhsuhvhqwv wkh ruwkrjrqdo
vsdfh ri O’ wkhq wkh uhfhvvlrq frqh ri O
7
’ _ T lv wkh vhw
￿ O
7
’ @ it 5 O
7
’ _ T>t . O
7
’ _ T ￿ O
7
’ _ Tj=
Lw pd| eh suryhg wkdw lv ￿ O
7
’ d forvhg srlqwhg frqyh{ frqh/ l=h=/ d forvhg frqyh{ frqh iru zklfk
wkh lpsolfdwlrq {>￿{ 5 ￿ O
7
’ , { @3krogv1 Pruhryhu/ ￿ O
7
’ kdv d ￿qlwh edvh li wkhuh h{lvwv
it￿>t2>===>trj￿￿ O
7
’ vxfk wkdw hyhu| hohphqw ri ￿ O
7
’ wdnhv wkh irup
Sr
￿’￿ {￿t￿/ {￿>{ 2>===>{r eh0
lqj qrq0qhjdwlyh vfdoduv1 Lq vxfk d fdvh/ zh zloo vd| wkdw wkh glphqvlrq ri ￿ O
7
’ lv v +glp+￿ O
7
’,@v/
iru vkruw, li wkhuh duh qr edvhv ri ￿ O
7
’ zkrvh qxpehu ri hohphqwv lv vpdoohu wkdq v +vhh Krophv
+4<:8, iru ixuwkhu ghwdlov rq doo wkhvh srlqwv,1
Uhpdun 5 Dvvxph qrz wkdw T lv d forvhg frqyh{ frqh/ glp+￿ O
7
’,@v/d q gglp+O’,@u1O h w
it￿>t2>===>trj




eh d edvh ri wkh olqhdu pdqlirog O’1 Wkh Uhsuhvhqwdwlrq Wkhruhp ri forvhg frqyh{ vhwv +vhh Krophv





zkhuh ￿￿>￿ 2>===>￿ rno 5 ,5 dqg ￿￿>￿ 2>===>￿r ￿ 31 Wkhq/ rqfh wkh vodfn yduldeohv duh lqwurgxfhg/ lw lv








H+t￿>￿, . {￿ @ s￿ l @4 >5>===>v
H+t￿>￿, @ s￿ l @ v .4>v.5 >===>v . u
￿ 5P +N, dqg ￿ ￿ 3
{￿>{ 2>===>{r ￿ 3 lq ,5
+45155,
zkhuh {￿>{ 2>===>{r dqg ￿ duh wkh ghflvlrq yduldeohv dqg s￿ @
S?
￿’￿ s￿t￿
￿ lv wkh sulfh ri t￿/ l @
4>5>===>v . u1
Lw lv fohdu wkdw wkhuh h{lvwv d elmhfwlrq ehwzhhq wkh +:149,0ihdvleoh vhw dqg wkh +45155,0ihdvleoh
rqh wkdw suhvhuyhv h{wuhph srlqwv1 Wkxv/ ghvslwh wkh ￿uvw vhw lv lqfoxghg lq P+N, dqg wkh vhfrqg
lv lq P+N, ￿ ,5r/ li wkhuh lv qr frqixvlrq zh zloo ghqrwh erwk vhwv e| I_1
Ilqdoo|/ ohw xv uhpdun wkdw dvvxpswlrqv ri T ehlqj forvhg dqg ￿ O
7
’ kdylqj d ￿qlwh edvh duh jhqhudo
hqrxjk dqg lqfoxgh doprvw doo wkh sudfwlfdo srvvlelolwlhv1 Iru lqvwdqfh/ doo wkh h{dpsohv surylghg lq
Uhpdun 4i, yhuli| wkhvh uhtxluhphqwv1 ￿
Wkhruhp 46 Xqghu wkh dvvxpswlrqv ri Uhpdun 5/l i+￿>{, 5P +N, ￿ ,5r l vdh { w u h p hs r l q wr i
I_/ wkhq wkhuh h{lvw in￿>===>n |j￿N dqg i￿￿>===>￿|j￿,5 vxfk wkdw
￿￿ ￿ 3>l@4 >5>===>w>
47| [
￿’￿






Ixuwkhupruh/ li w￿ lv wkh fduglqdo ri il @4 >5>===>v>{￿ 9@3 j wkhq w . w￿ ￿ v . u1
Surri1 Vlqfh wkh ixqfwlrq P+N, 6 ￿ ￿$ H+t￿>￿, 5 ,5 lv zhdnW￿frqwlqxrxv iru l @4 >5>===>v/d q g
wkh Dodrjox*v Wkhruhp vkrzv wkdw wkh vhw N @ i￿ 5P +N,> ￿ ￿ 3/ ￿+N, ￿ Pj lv zhdnW￿frpsdfw
iru dq| duelwudu| dqg ￿{hg PAP ’/ wkhuh h{lvwv d srvlwlyh k 5 ,5 vxfk wkdw
k ￿ s￿ ￿ H+t￿>￿,
iru hyhu| l @4 >5>===>v dqg hyhu| ￿ 5N 1
Frqvlghu wkh vhwv ￿w @ i+|￿>| 2>===>|r, 5 ,5r>|￿ ￿ 3>m @4 >5>===>v> dqg
Sr
￿’￿|￿ ￿ v￿kj dqg






iru hyhu| +￿>|, 5N w1 Lw lv fohdu wkdw wkh +45155,0ihdvleoh vhw I_ yhul￿hv
I_ @ W 3￿
w +s￿>s 2>===>srno,
iru hyhu| ￿ 5 ,11 Wkxv/ Sursrvlwlrq 5=4 ri Zlqnohu +4<;;, vkrzv wkdw hyhu| hohphqw ri h{w+I_, lv
d olqhdu frqyh{ frpelqdwlrq ri 4.v . u h{wuhph srlqwv ri Nw dqg wkhuhiruh/ dffruglqj wr Ohppd
45/ ￿ lv olqhdu frqyh{ frpelqdwlrq ri
i3j^i P￿&>n 5 Nj




rno wkh vfdoduv ri wkrvh frpelqdwlrqv dqg wdnh ￿w
￿ @ ￿w
￿P> l @3 >4>===>v . u/ ￿ 5 ,11

















dqg ￿+N, AP ’1 Wklv lv d frqwudglfwlrq vlqfh P’ lv wkh rswlpdo ydoxh ri +45155, dqg/ frqvhtxhqwo|/
zh fdq uhrujdql}h vxevfulswv dqg dvvxph wkdw ￿w
f>￿ w
￿>===>￿ w
4w duh wkh frh!flhqwv ri wkh qxoo phdvxuh1









l @ ￿w.4>===>v.u/ ￿ 5 ,1/ lw lv fohdu wkdw ￿w/ ￿w
￿/ ￿w
￿ dqg nw
￿ gr qrw ghshqg rq ￿ dqg pd| eh ghqrwhg
e| ￿/ ￿￿/ ￿￿ dqg n￿ uhvshfwlyho|/ l @ ￿ .4 >===>v . u/ ￿ 5 ,11
48Qrz/ +46157, fohduo| iroorzv iurp +46158, dqg +46156, lv reylrxv vlqfh
rno [
￿’4n￿
￿￿ @ ￿+N, ￿ P’
ehfdxvh P’ lv wkh rswlpdo ydoxh ri +45155,1














rno 5 ,5r wkdw ghshqg rq ￿ dqg kdyh frpsrqhqwv htxdo wr 3 ru v￿k1 Vlqfh
3 ￿ ￿w
￿ ￿ 4/ l @3 >4>===>￿/d q g￿ 5 ,1/ lw lv fohdu wkdw wkhuh h{lvwv d vxevhtxhqfh vxfk wkdw +￿w
￿,w
frqyhujhv iru hyhu| l @3 >4>===>￿ dv ￿ whqgv wr lq￿qlwh1 Lq rughu wr nhhs d vlpsoh qrwdwlrq zh zloo
vwloo ghqrwh e| +￿, wkh fruuhvsrqglqj vxevhtxhqfh ri qdwxudo qxpehuv1 Vlqfh +|w
￿,w lv d vxevhtxhqfh
frpsrvhg ri h{wuhph srlqwv ri ￿w iru l @3 >4>===>v .u/ hlwkhu wkhlu hohphqwv ydqlvk ru wkh| kdyh d
xqltxh qrq0qxoo frpsrqhqw wkdw htxdov v￿k1 Ghqrwh e| +|w
￿c￿,w ￿ ,5 wkh vhtxhqfh ri ￿uvw frpsrqhqwv
ri +|w
￿,w1 Wdnhq d vxevhtxhqfh +li qhfhvvdu|, zh fdq dvvxph wkdw +|w
￿c￿,w ydqlvkhv ru htxdov +v￿k,w1
Zh fdq wdnh d qhz vxevhtxhqfh ri wklv vxevhtxhqfh vxfk wkdw +|w
￿c2,w +vhfrqg frpsrqhqwv ri +|w
￿,w,
dovr ydqlvkhv ru htxdov +v￿k,w1 Uhshdwlqj wklv surfhvv +|w
￿c￿,w ydqlvkhv ru htxdov +v￿k,w iru hyhu|
l @3 >4>===>v . u dqg m @4 >5>===>v1





Lqghhg/ li iru vrph l @ ￿.4>===>v .u zh kdyh wkdw +|w
￿ ,w lv qrw wkh qxoo vhtxhqfh lq ￿ wkhq dw ohdvw
rqh frpsrqhqw lq wklv vhtxhqfh whqgv wr lq￿qlwh/ dqg wkh fruuhvsrqglqj frpsrqhqw ri { zrxog
htxdo lq￿qlwh1 Wklv lv d frqwudglfwlrq dq |w
￿ pxvw ydqlvk iru hyhu| l @ ￿ .4 >===>v .u dqg iru hyhu|
￿ lq wkh vxevhtxhqfh1















grhv qrw ghshqg rq ￿ dqg grhv qrw ydqlvk ehfdxvh wkh qxoo phdvxuh lv dprqj wkh h{wuhph srlqwv ri
N jhqhudwlqj ￿= Wkhq +|w
￿ ,w pxvw ydqlvk iru vrph l @3 >4>===>￿1 Rwkhuzlvh dw ohdvw rqh frpsrqhqw
lq wklv vhtxhqfh zrxog whqg wr lq￿qlwh zlwk ￿ iru hyhu| l/ dqg/ iurp +4615:,/ +￿w
￿,w vkrxog whqg









iru hyhu| ￿/ dqg lw lv fohdu wkdw w￿ ￿ ￿ ehfdxvh zh fdq ￿{ dq duelwudu| ￿ dqg wkh qxpehu ri qrq0qxoo
frpsrqhqwv ri |w
￿ fdqqrw eh odujhu wkdw rqh iru l @4 >5>===>￿1 ￿
49Uhpdun 6 d, Wkh vlpsoh{0olnh dojrulwkp +ghyhorsphqw,1 Ohw xv lqwurgxfh wkh vlpsoh{0olnh
dojrulwkp iru wkh gxdo sureohp +45155,1 Rqfh wkh gxdo sureohp kdv ehhq vroyhg/ +43154, zloo hdvlo|
ohdg wr wkh sulpdo vroxwlrq dqg wkh pd{lplq vwudwhjlhv1
Dvvxph wkdw +￿>{, 5P +N, ￿,5r lv gxdo ihdvleoh dqg h{wuhph1 Wkhq/ Wkhruhp 46 hqvxuhv wkdw
wkh fduglqdo ri Vs+￿, soxv wkh qxpehu ri qrq0qxoo vodfn yduldeohv lv dw prvw v . u1 Frqvlghu wkh
olqhdu ixqfwlrq







dqg Y/ wkh olqhdu pdqlirog ri P+N, ￿,5r frpsrvhg ri wkrvh frxsohv +￿>|, vxfk wkdw Vs+￿, ￿ Vs+￿,
dqg |￿ @3li {￿ @3 / l @4 >5>===>v1 Wkhq lw lv fohdu wkdw wkh lqwhuvhfwlrq ri Y dqg wkh nhuqho ri ￿
uhgxfhv wr }hur vlqfh +￿>{, 5 h{w+I_,1 Ghqrwh e| ￿ ￿ wkh uhvwulfwlrq ri ￿ wr Y1 Vxssrvh wkdw erwk ￿
dqg ￿ ￿ duh rqwr +l=h=/ +￿>{, lv d qrq0ghjhqhudwh edvlf vroxwlrq lq wkh vhqvh ri Dqghuvrq dqg Qdvk
+4<;:,,1 ￿ ￿ lv reylrxvo| rqh0wr0rqh dqg wkhuhiruh lw kdv d lqyhuvh ￿ ￿3￿1 Wkhq hyhu| +￿>|, 5P +N,
￿,5r pd| eh zulwwhq dv




+￿>|, ￿ ￿ ￿3￿￿+￿>|, 5 Nhu+￿,1












+￿>|, ￿ ￿ ￿3￿￿+￿>|,
￿
= +4615<,
Li +￿>|, lv ihdvleoh wkhq ￿+￿>|, @￿ +￿>{, @
￿
s￿￿rno
￿’￿1 Khqfh ￿ ￿3￿￿+￿>|, @ +￿>{, ehfdxvh +￿>{, lv
reylrxvo| lq Y1 Wkhuhiruh/ +4615<, ohdgv wr
L+￿>|, @ L+￿>{, . L
￿
+￿>|, ￿ ￿ ￿3￿￿+￿>|,
￿
dqg +￿>{, zloo eh wkh gxdo vroxwlrq li
L
￿









Ohw ￿ eh wkh qxpehu ri vwulfwo| srvlwlyh vodfn yduldeohv ri +￿>{,1 Wr pdnh wklqjv hdvlhu vxssrvh
wkdw {￿>===>{4 A 3 dqg {4n￿ @ === @ {r @3 / 3 ￿ ￿ ￿ v1 Wdnh Vs+￿, @ in4n￿>===>nrnoj1 Ghqrwh
Vs+{, @ i4>5>===>￿j lq rughu wr dfklhyh dq krprjhqhrxv qrwdwlrq iru erwk gxdo yduldeohv ￿ dqg {1









4:zkhuh l dovr lqglfdwhv wkh urz/ m lqglfdwhv wkh froxpq dqg L4 ghqrwhv wkh lghqwlw| pdwul{ zkrvh
glphqvlrq lv ￿1 E lv uhjxodu ehfdxvh lw uhsuhvhqwv wkh elmhfwlrq ￿ ￿/d q gE3￿ uhsuhvhqwv ￿ ￿3￿1 Ehvlghv/























wkdw surylghv xv zlwk wkh phdvxuh ri dq| n￿ 5 Vs+￿, dqg wkh ydoxh ri dq| vodfn yduldeoh1 Zkhqfh














krogv iru hyhu| +￿>|, gxdo0ihdvleoh/ zkhuh wkh urz pdwul{ frqwdlqv ￿ qxoo whupv dqg v.u￿￿ hohphqwv
wkdw htxdo rqh1 Odwwhu frqglwlrq fohduo| krogv li










iru hyhu| n 5 N dqg
3 ￿ ￿￿ @ +4>===>4>3>===>3,E3￿H|
￿ +46165,
iru l @4 >5>===>v/ H|
￿ ehlqj wkh wudqvsrvh ri H￿ @ +3>3>===>3>4>3>===>3,/ l @4 >5>===>v .u1
Lw lv lpsruwdqw wr uhpdun wkdw ￿&￿4@3li n 5 Vs+￿,/d q g￿￿ @3li l 5 Vs+{,1 Lqghhg/ vxssrvh












￿&4n￿ @ +4>===>4>3>===>3,+4>3>===>3,| @4
Wkh surri ri ￿￿ @3li l 5 Vs+{, lv dqdorjrxv1
Li wkh rswlpdolw| frqglwlrqv +46164, ru +46165, gr qrw krog wkhq zh kdyh wr vhhn d qhz h{wuhph
gxdo0ihdvleoh srlqw +￿ ￿> ￿ {, ￿ehwwhu￿ wkdq +￿>{,1O h w￿ eh 44
￿@Plq+i￿& ￿ 4>n 5 Nj^i ￿￿>l @4 >5>==>vj, +46166,
Li ￿@￿ &f ￿ 4 iru vrph nf 5 N wkhq nf zloo ehorqj wr wkh vxssruw ri wkh qhz phdvxuh ￿ ￿ vr
wkdw Vs+￿ ￿, ￿i nf>n 4n￿>===>nrnoj dqg Vs+￿ {, ￿i 4>5>===>￿j1 Rq wkh frqwudu|/ li ￿@￿ ￿ iru vrph
l @ ￿ .4 >===>v/ wkhq wklv vodfn yduldeoh zloo lqfuhdvh iurp }hur wr vrph srvlwlyh ydoxh vr wkdw
Vs+￿ ￿, ￿i n4n￿>===>n rnoj dqg Vs+￿ {, ￿i 4>5>===>￿>lj1
44 Qrwlfh wkdw lw lv vx!flhqw wr wdnh K ￿ f vxfk wkdw K’K & 3 ￿ iru vrph & M g ru K’K ￿ iru vrph ￿ ’￿ c2c￿￿￿cr1
Qhyhuwkhohvv/ lw lv frqyhqlhqw wr wdnh +46166, lq rughu wr jxdudqwhh wkdw wkh frqyhujhqfh ri wkh dojrulwkp lv qrw vorz1





exlow e| dgglqj E soxv d





+￿ ￿+nf,> ￿ ￿+n4n￿,>===> ￿ ￿+nrno,> ￿ {￿>===> ￿ {4,| @+ s￿>s 2>===>s rno,|
pxvw krog ru/ htxlydohqwo|/


























>m @ ￿ .4 >===>v . u> dqg ￿￿ A 3j^i
{￿
￿￿
>l @4 >===>￿/d q g￿￿ A 3j
￿
/ +46168,
￿ ￿+nf, @ ￿ +46169,
dqg
+￿ ￿+n4n￿,>===> ￿ ￿+nrno,> ￿ {￿>===> ￿ {4,| @ +￿+n4n￿,>===>￿+nrno,>{ ￿>===>{ 4,|
￿￿+￿4n￿>===￿rno>￿￿>===>￿4,| +4616:,

























dqg/ frqvhtxhqwo|/ wkh remhfwlyh ydoxh jurzv li
Srno
￿’4n￿ ￿￿ ? 41 Wklv lqhtxdolw| iroorzv iurp
rno [
￿’4n￿




@￿ &f ? 4





g￿ .￿ ￿+nf,+4 ￿ ￿&f,= 45 +4616<,






+￿ ￿+nf,> ￿ ￿+n4n￿,>===> ￿ ￿+nrno,> ￿ {￿>===> ￿ {4> ￿ {w,| @ +s￿>s 2>===>srno,|
dqg/ wkhuhiruh/
+￿ ￿+nf,> ￿ ￿+n4n￿,>===> ￿ ￿+nrno,> ￿ {￿>===> ￿ {4,| @ E3￿ ￿






45 +4616<, srlqwv rxw wkdw ￿ lv zhoo0gh￿qhg lq +46168,/ lq wkh vhqvh wkdw wkh vhw ri vwulfwo| srvlwlyh ￿￿ ri +46167, lv
qrq0yrlg1 Rwkhuzlvh ￿ frxog whqg wr lq￿qlwh dqg/ dffruglqj wr +46169, dqg +4616<,/ wkh gxdo remhfwlyh frxog whqg wr




￿ dv +46168, lqglfdwhv/
￿ {w @ ￿/ +46174,






g￿ ￿ ￿ {w￿w +46175,
dqg/ frqvhtxhqwo|/ wkh remhfwlyh ixqfwlrq kdv lqfuhdvhg1
e, Wkh vlpsoh{0olnh dojrulwkp +vxppdu|,1
VWHS41 Wdnh dqg lqlwldo qrq0ghjhqhudwh +￿>{, 5 h{w+I_,=
VWHS51 Frpsxwh wkh ydoxh ri ￿ jlyhq e| +46166,1 ￿ fdqqrw eh vwulfwo| srvlwlyh1 Li ￿@3wkhq
+￿>{, vroyhv +45155,1
VWHS61L i ￿ ? 3 zh pxvw glvwlqjxlvk wzr gl￿huhqw srvvlelolwlhv1 Dvvxph wkdw ￿@￿ &f ￿ 41
Wkhq nf grhv qrw ehorqj wr Vs+￿, dqg wdnlqj +￿ ￿> ￿ {, 5 h{w+I_, dv +46167,/ +46168,/ +46169, dqg
+4616:, lqglfdwh zh kdyh lpsuryhg wkh remhfwlyh ydoxh dffruglqj wr +4616<,1 Dvvxph wkdw ￿@￿ w1
Wkhq ￿ grhv qrw ehorqj wr Vs+{, dqg wdnlqj +￿ ￿> ￿ {, 5 h{w+I_, dv +46173,/ +46168,/ +46174, dqg
+4616:, lqglfdwh zh kdyh lpsuryhg wkh remhfwlyh ydoxh dffruglqj wr +46175,1 Qrz +￿ ￿> ￿ {, sod|v wkh
uroh ri +￿>{, dqg wkh dojrulwkp jrhv edfn wr VWHS51 ￿
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 '  
 	
Lq wklv vhfwlrq zh suhvhqw d ihz h{dpsohv wkdw looxvwudwh wkh wkhru| ghyhorshg lq wklv sdshu1 Krz0
hyhu/ wkh remhfwlyh lv qrw mxvw wr frpsxwh pd{lplq vwudwhjlhv shu vh +wr vroyh frqwlqxrxv vhpl0lq￿qlwh
surjudpv,/ exw wr vkrz wkdw pd{lplq vwudwhjlhv duh vhqvleoh khgjlqj vwudwhjlhv dqg yhu| h￿hfwlyh
zkhq khgjlqj wkh lqwhuhvw udwh ulvn ri ghidxow0 dqg rswlrq0iuhh frxsrq erqgv +wkh| kdyh lpsruwdqw
hfrqrplf lpsolfdwlrqv,1 Wr frpsduh zlwk rwkhu khgjlqj vwudwhjlhv sursrvhg lq wkh olwhudwxuh/ zh
vwxg| wkh sodlq ydqlood sureohp ri khgjlqj d vkruw srvlwlrq lq d }hur frxsrq1
Zh zrxog olnh wr uhpdun vrph srlqwv1 Iluvw/ zh frqvlghu d yhu| jhqhudo vhw ri fkdqjhv rq wkh
WVLU iru zklfk zh zdqw wr ghyhors khgjlqj vwudwhjlhv1 Wklv vhw frqwdlqv wkh vkliwv surgxfhg
e| dq| hpslulfdoo| hvwlpdwhg pxowl0idfwruldo prgho ri wkh whup vwuxfwxuh dqg/ wkhuhiruh/ rqh fdq
frqfoxgh wkdw lw lqfoxghv doo fkdqjhv wkdw fdq wdnh sodfh lq uhdolw| +vhh Olwwhupdq dqg Vfkhlnpdq
+4<<4,,1 Vhfrqg/ lq jhqhudo/ rqo| erqg sruwirolr lppxql}dwlrq frqvlghuv wkh khgjlqj djdlqvw jhqhudo
fkdqjhv ri wkh lqwhuhvw udwhv dqg urexvw khgjlqj sureohpv1 Wklug/ jlyhq wkh jhqhudolw| ri wklv vhw/
rqh frxog wklqn wkdw qr khgjlqj vwudwhj| +edvhg rq gl￿huhqw frqfhswv dv gxudwlrq0frqyh{lw|/ pxowl0
idfwru FLU hodvwlflwlhv/ pd{lplq vwudwhjlhv/ plqlpxp yduldqfh sruwirolrv111, frxog eh h￿hfwlyh lq
wklv fdvh1 Ilqdoo|/ wkh h{dpsohv zloo vkrz wkdw pd{lplq khgjlqj vwudwhjlhv duh yhu| h￿hfwlyh zlwk
wklv jhqhudo vkliwv dqg/ wkhuhiruh/ wkh| duh vhqvleoh dqg yhu| urexvw zkhq ghdolqj zlwk wkh ulvn ri
erqg sruwirolrv1
￿ Wkh khgjlqj sureohp1 Zh kdyh d vkruw srvlwlrq lq d }hur frxsrq zlwk p @8|hduv wr pd0
wxulw|1 Dv qrwhg lq wkh Lqwurgxfwlrq/ wklv vkruw srvlwlrqv dsshduv lq lppxql}dwlrq sureohpv/
jxdudqwhhg ixqgv/ orqj whup edqnlqj vdylqj ru shqvlrq sodq surgxfwv/ hwf1
￿ Wkh vhw ri ihdvleoh vkrfnv rq wkh WVLU=Zh frqvlghu wkh vhw lqwurgxfhg e| Edoe￿v dqg Le￿￿h}
+4<<;,/ zkhuh wkh vkrfnv duh gh￿qhg rq wkh iruzdug lqvwdqwdqhrxv lqwhuhvw udwhv i+w,1 46
46 Vhh dovr Edoe￿v dqg Le￿￿h} +5335, dqg Edoe￿v/ Le￿￿h} dqg O￿sh} +5335,1
53Wkh rqo| frqvwudlqw rq wkhvh vkrfnv n+w, +l=h=/ i+w, fkdqjhv wr i+w,.n+w,,l vw k d ww k h |d u h
erxqg e| d frqvwdqw ￿ +l=h=/ mn+w￿,￿n+w2,m￿￿ iru doprvw hyhu| w￿>w 2 5 ^3>W‘,1 Wklv sdudphwhu
￿ ￿ 3 fdq eh xqghuvwrrg dv d phdvxuh ri wkh lqwhuhvw udwhv yrodwlolw| iru doo wkh fxuyh1 Wklv vhw
lv yhu| jhqhudo/ dqg dq| ihdvleoh vkliw fdq eh glvfrpsrvhg lq d sdudooho vkliw soxv dq| vkliw lq
d edqg ri zlgwk ￿1 Iru lqvwdqfh/ wkh hpslulfdoo| zhoo0grfxphqwhg wkuhh idfwruv lq Olwwhupdq
dqg Vfkhlqnpdq +4<<4, duh lqfoxghg lq rxu vhw iru dq dssursuldwh ￿1
￿ Wkh erqg pdunhw1 Wr khgjh wkh ulvn ri rxu vkruw srvlwlrq wkhuh h{lvwv d oltxlg erqg pdunhw
zlwk Q frxsrq erqgv zkhuh vkruw2orqj srvlwlrqv fdq eh wdnhq1 Iru vlpsolflw|/ zh dvvxph d
vlpsoh  dw whup vwuxfwxuh ri lqwhuhvw udwhv/ i| @3 =43/ dqg wkh Q frxsrq erqgv sd| dq dqqxdo
frxsrq ri 43( dqg kdyh gl￿huhqw pdwxulwlhv1 Zh frxog lqfoxgh uhdolvwlf elg2dvn sulfhv ru
vkruw0vdohv frqvwudlqwv lq wkh olqhdu surjudpplqj irupxodwlrq ri pd{plq vwudwhjlhv1 Krzhyhu/
jlyhq wkdw wkh prghuq qr duelwudjh sulflqj wkhru| lv edvhg rq frpsohwh dqg iulfwlrqohvv
pdunhwv +vhh Kxoo +5333, ru Gx!h +5334,,/ zh gr qrw frqvlghu wkhvh iulfwlrqv lq wkhvh h{dpsohv1
￿ Wkh khgjlqj vwudwhj|1 Wkh vkruw srvlwlrq lq wkh }hur frxsrq erqg zlwk ￿yh |hduv wr pdwxulw|
lpsolhv d ghew ri 433hf￿￿fD @4 9 7 =;:54 lq ￿yh |hduv1 Zh duh jrlqj wr frpsxwh wkh pd{plq
vwudwhj| glvfxvvhg wkurxjkrxw wkh sdshu1
Zh frpsxwh wkh pd{lplq vwudwhj| iru wkh iroorzlqj h{dpsohv vwduwlqj iurp Q @7wr Q @;
erqgv lq Wdeoh 41I r uh d f kQ ￿ 8/ zh frqvlghu wkh suhylrxv Q ￿4 frxsrq erqgv soxv d qhz erqg
wr vhh krz wkh pd{plq vwudwhj| hyroyhv dqg wr xqghuvwdqg ehwwhu klv remhfwlyh1 Lq wkh iroorzlqj
h{dpsohv iru Q @< > wkhuh h{lvwv d sruwirolr +e| frpelqlqj vkruw dqg orqj srvlwlrqv, wkdw uhsolfdwhv
wkh ￿yh |hduv wr pdwxulw| vkruw srvlwlrq/ zklfk kdv qr ulvn dw doo dqg lv dovr wkh pd{lplq vwudwhj|1
Iru Q?< wkdw pdwxulw| pdwfklqj sruwirolr grhv qrw h{lvw/ exw zh fdq hdvlo| vhh wkdw wkh pd{lplq
sruwirolr wulhv wr uhsolfdwh wkh ￿yh |hduv wr pdwxulw| pdwfklqj vwuxfwxuh> qrwh wkdw wkh frxsrqv
kdyh gl￿huhqw vljq dqg wkh vxpplqj ri wkhp fdqfhov dqg lv forvh wr 497=;:541 Pruhryhu/ iru Q?<
wkhuh grhv qrw h{lvw wklv shuihfw uhsolfdwlrq/ wkrxjk/ wkh pd{lplq ydoxh jxdudqwhhg e| wkh pd{lplq
sruwirolr lv yhu| forvh wr 433(/ zklfk vkrzv wkdw wkh pd{lplq sruwirolr lv yhu| vhqvleoh/ h￿hfwlyh
dqg urexvw1 Wdeoh 4 fohduo| vkrzv wkhvh srlqwv1
Ilqdoo|/ ohw xv uhpdun wkdw zh kdyh vroyhg d frqwlqxrxv olqhdu vhpl0lq￿qlwh surjudp zlwk vwdwh
yduldeohv n+w, wkdw duh lq dq vsdfh ri lq￿qlwh glphqvlrq dqg zklfk duh qrw frqwlqxrxv ixqfwlrqv1 47
Zh wdnh ￿ @3 =35 dqg zh doorz sdudooho vkliwv ehwzhhq ￿3=43 dqg .3=431
47 Zh kdyh xvhg wkh frqyh{lw| ri d erqg wr h!flhqwo| vroyh wklv sureohp1 Sohdvh/ frqwdfw wkh dxwkruv iru pruh
ghwdlov rq wkh olqhdu surjudplqj dojrulwkpv1
54Wdeoh 4= D vkruw srvlwlrq lq d }hur zlwk 8 |hduv0wr0pdwxulw| +￿497=;:54,1 ￿ @3 =35
Q @6erqgv/ iurp 9 wr ; |hduv wr pdwxulw|
Jxdudqwhhg uhwxuq@< ; =6975(
Pdwxulw| 456789:;
Pd{lplq sruwirolr ￿￿￿￿￿3=:495 3=6576 3=3
Pd{1s1 frxsrqv 43=7385 43=7385 43=7385 43=7385 43=7385 ;5=35;9 68=9:46 3=3
Q @7erqgv/ iurp 8 wr ; |hduv wr pdwxulw|
Jxdudqwhhg uhwxuq@< ; =6975(
Pdwxulw| 45678 9 : ;
Pd{lplq sruwirolr ￿￿￿￿￿ 3=5<54 4=6659 3=33 =3
Pd{1s1 frxsrqv 43=7384 43=7385 43=7384 43=7384 ￿4;=;384 479=8;:< 3=33 =3
Q @8erqgv/ iurp 7 wr ; |hduv wr pdwxulw|
Jxdudqwhhg uhwxuq@< ; =<;4<(
Pdwxulw| 4567 8 9 : ;
Pd{lplq sruwirolr ￿￿￿￿ 4=54:4 5=5845 3=33 =33 =3
Pd{1s1 frxsrqv 43=6744 43=6744 43=6744 ￿444=6:33 57:=9674 3=33 =33 =3
Q @9erqgv/ iurp 6 wr ; |hduv wr pdwxulw|
Jxdudqwhhg uhwxuq@< < =7:3<(
Pdwxulw| 456 78 9 : ;
Pd{plq sruwirolr ￿￿￿ 3=9;;4 3=54;6 4=7<;; 3=33 =33 =3
Pd{1s1 frxsrqv 43=5<3< 43=5<3< ￿8;=848: 6<=3363 497=;:54 3=33 =33 =3
Q @:erqgv/ iurp 5 wr ; |hduv wr pdwxulw|
Jxdudqwhhg uhwxuq@< < =;498(
Pdwxulw| 4 5 678 9 : ;
Pd{lplq sruwirolr ￿￿ 3=657: ￿3=3456 ￿3=4696 4=7<;; 3=33 =33 =3
Pd{1s1 frxsrqv 43=588: ￿55=54:9 45=5:8< 3=34 9 7 =;:54 3=33 =33 =3
Q @;erqgv/ iurp 4 wr ; |hduv wrpdwxulw|
Jxdudqwhhg uhwxuq @4 3 3 (
Pdwxulw| 45678 9 : ;
Pd{lplq sruwirolr ￿3=4357 ￿3=4456 ￿3=456< ￿3=4696 4=7<;; 3=33 =33 =3
Pd{1s1 frxsrqv 3=33 =33 =33 =3 497=;:54 3=33 =33 =3
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Wklv sdshu kdv dgguhvvhg wkh h{lvwhqfh/ surshuwlhv dqg frpsxwdwlrq ri pd{lplq sruwirolrv xqghu
jhqhudo dvvxpswlrqv rq wkh lqwhuhvw udwhv ehkdylru1 Zh kdyh xvhg wkh rqh shulrg dssurdfk ri
Ilqdqfldo Hfrqrplfv dqg kdyh wdnhq wkh vkrfn dv wkh vwdwh ri wkh zruog1 Rqfh wkh dujxphqwv ri
wkrvh ixqfwlrqdov |lhoglqj wkh vhfxulwlhv ￿qdo ydoxh duh h{whqghg wr devwudfw vsdfhv zkrvh hohphqwv
duh ￿￿dgglwlyh phdvxuhv/ d Jhqhudo Wkhru| rq Rswlpl}dwlrq lq Edqdfk Vsdfhv dssolhv dqg shu0
plwv xv wr ghdo zlwk ￿qdqfldo frqfhswv lq d vljql￿fdqwo| kljkhu vhwwlqj1 Vr/ zh kdyh lqwurgxfhg
vhyhudo vhpl0lq￿qlwh pdwkhpdwlfdo surjudpplqj sureohpv/ vdggoh srlqw frqglwlrqv/ frpsohphqwdu|
vodfnqhvv frqglwlrqv dqg qhz dojrulwkpv wkdw fkdudfwhul}h dqg jhqhudwh pd{lplq sruwirolrv1
Iurp d ￿qdqfldo ylhzsrlqw wkh dssurdfk pd| eh yhu| xvhixo wr wudghuv dqg uhvhdufkhuv vlqfh lw
zrunv xqghu zhdn k|srwkhvhv1 Iru lqvwdqfh/ frqyh{lw| dqg vkruw0vhoolqj uhvwulfwlrqv gr qrw kdyh wr
eh lpsrvhg/ vrph wd{ h￿hfwv pd| eh lqfrusrudwhg/ wkh xqltxhqhvv ri wkh krul}rq sodqqlqj shulrg
pd| eh uhod{hg/ lqwhuhvw udwh0olqnhg ghulydwlyhv pd| eh lqyroyhg/ dqg wkh vhw ri dgplvvleoh vkrfnv
rq wkh lqwhuhvw udwhv frqwdlqv d ydvw qxpehu ri srvvlelolwlhv ehfdxvh wkhuh duh qr vshfldo g|qdplf
dvvxpswlrqv1 Pruhryhu/ wkh rewdlqhg vroxwlrqv vhhp wr eh txlwh urexvw dqg gr qrw vljql￿fdqwo|
55ghshqg rq wkh udqgrp ￿hog iudphzrun d￿hfwlqj wkh lqwhuhvw udwh ehkdylru1 Wklv lv wkh uhdvrq zk|







^4‘ Dqghuvrq/ H1M1 dqg S1 Qdvk/ 4<;:/ ￿Olqhdu surjudpplqj lq lq￿qlwh0glphqvlrqdo vsdfhv1￿ Mrkq
Zloh| ) Vrqv/ Qhz \run1
^5‘ Dqghuvvrq/ I1/ K1U1 Pdxvvhu dqg V1 Xu|dvhy/ 5334/ ￿Fuhglw ulvn rswlpl}dwlrq zlwk frqglwlrqdo
ydoxh0dw0ulvn fulwhulrq1￿ Pdwkhpdwlfdo Surjudpplqj/ Vhu1 E/ ;</ 5:605<41
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^;‘ Eduehu/ M1U1/ 4<<</ ￿Erqg lppxql}dwlrq iru d!qh whup vwuxfwxuhv1￿ Wkh Ilqdqfldo Uhylhz/
67/ 45:04731
^<‘ Eduehu/ M1U1 dqg P1O1 Frsshu/ 4<<;/ ￿D plqlpd{ ulvn vwudwhj| iru sruwirolr lppxql}dwlrq1￿
Lqvxudqfh= Pdwkhpdwlfv dqg Hfrqrplfv/ 56/ 4:604::1
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Mrxuqdo ri Ilqdqfh/ 6:/ 6:<06;<1
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Mhuvh|1
^53‘ Lopdqhq/ D1/ 4<<5/ ￿Krz zhoo grhv gxudwlrq phdvxuh lqwhuhvw udwh ulvnB1￿ Mrxuqdo ri Il{hg
Lqfrph 4/ 760841
^54‘ Lqjhuvroo/ M1/4<;6/ ￿Lv lppxql}dwlrq ihdvleohB1￿ Lq Lqqrydwlrqv lq Erqg Sruwirolr Pdqdjhphqw=
Gxudwlrq Dqdo|vlv dqg Lppxql}dwlrq +J1 Elhuzdj/ J1 Ndxipdq dqg D1 Wrhyv Hglwruv,1M D L
Suhvv/ Juhhqzlfk/ FW1
^55‘ Lqjhuvroo/ M1/4<;:/ ￿Wkhru| ri ￿qdqfldo ghflvlrq pdnlqj1￿ Wrwdzd/ QM= Urzdq Olwwoh￿hog1
^56‘ Lqjhuvroo/ M1 Vnhowrq dqg U1 Zhlo/ 4<:;/ ￿Gxudwlrq iruw| |hduv odwhu1￿ Mrxuqdo ri Ilqdqfldo dqg
Txdqwlwdwlyh Dqdo|vlv/ 46/ 95:09831
^57‘ Oxhqehujhu/ G1J1/4<9</ ￿Rswlpl}dwlrq e| yhfwru vsdfhv phwkrgv1￿ Mrkq Zloh| ) Vrqv/ Qhz
\run1
^58‘ Olwwhupdq/ U1 dqg M1D1 Vfkhlqnpdq/ 4<<4/ ￿Frpprq idfwruv d￿hfwlqj erqg uhwxuqv1 ￿ Wkh
Mrxuqdo ri Il{hg Lqfrph/4 /8 7 0 9 4 1
^59‘ Prqwuxffklr/ O1 dqg O1 Shffdwl/ 4<<4/ ￿D qrwh rq Vklx0Ilvkhu0Zhlo lppxql}dwlrq wkhruhp1￿
Lqvxudqfh= Pdwkhpdwlfv dqg Hfrqrplfv/ 43/ 45804641
^5:‘ Sdurxvk/ M1 dqg H1]1 Sulvpdq/ 4<<:/ ￿Rq wkh uhodwlyh lpsruwdqfh ri gxudwlrq frqvwudlqwv1￿
Pdqdjhphqw Vflhqfh/ 76/ 4<;05381
^5;‘ Sulvpdq/ H1]1/ 4<;9/ ￿Lppxql}dwlrq dv d pd{plq vwudwhj|= d qhz orrn1￿ Mrxuqdo ri Edqnlqj
dqg Ilqdqfh/ 43/ 7<4083<1
^5<‘ Sulvpdq/ H1]1 dqg P1U1 Vkruhv/ 4<;;/ ￿Gxudwlrq phdvxuhv iru vshfl￿f whup vwuxfwxuh hvwlpd0
wlrqv dqg dssolfdwlrqv wr erqg sruwirolr lppxql}dwlrq1￿ Mrxuqdo ri Edqnlqj dqg Ilqdqfh/4 5 /
7<608371
^63‘ Uhlwdqr/ U1U1/ 4<<5/ ￿Qrq0sdudooho |lhog fxuyh vkliwv dqg lppxql}dwlrq1￿ Mrxuqdo ri Sruwirolr
Pdqdjhphqw/ 690761
^64‘ Vklx/ V1Y1/ 4<;:/ ￿Rq wkh Ilvkhu0Zhlo lppxql}dwlrq wkhruhp1￿ Lqvxudqfh= Pdwkhpdwlfv dqg
Hfrqrplfv/ 9/ 58<05991
^65‘ Xehuwl/ P1/ 4<<:/ ￿D qrwh rq Vklx*v lppxql}dwlrq uhvxow1￿ Lqvxudqfh= Pdwkhpdwlfv dqg Hfr0
qrplfv/ 54/ 4<805331
^66‘ Zlqnohu/ J1/ 4<;;/ ￿H{wuhph srlqwv ri prphqw vhwv1￿ Pdwkhpdwlfv ri Rshudwlrqv Uhvhdufk/
46/ 8;408;:1
57^67‘ \rxqj/ P1U1/ 4<<;/ ￿D plqlpd{ sruwirolr vhohfwlrq uxoh zlwk olqhdu surjudpplqj vroxwlrq1￿
Pdqdjhphqw Vflhqfh/ 76/ 9:609;61
58